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ABSTRACT 


The  primary  objective  of  this  investigation  was  to  study  the 
behavior  of  reinforced  concrete  beams  subjected  to  combined  loading  with 
particular  regard  to  their  behavior  at  failure. 

The  experimental  phase  of  this  investigation  consisted  of 
testing  34  reinforced  concrete  beams.  Twenty  two  beams  were  subjected 
to  various  combinations  of  bending  and  torsion  and  twelve  were  subjected 
to  various  combinations  of  bending,  torsion  and  shear.  All  beams  had  a 
nominal  cross  section  of  6"  x  12"  and  a  nominal  concrete  strength  of 
5000  psi.  Both  longitudinal  and  transverse  reinforcement  in  various 
combinations  was  provided  in  all  beams. 

The  testing  equipment  that  was  designed  and  fabricated  for 
this  investigation  permitted  independent  application  of  the  twisting 
and  transverse  loads.  The  ratio  between  the  twisting  moment  and  the 
bending  moment  could  be  changed  at  any  time  during  a  test. 

All  beams  were  tested  to  failure  by  applying  the  load  in  a 
series  of  increments.  Each  increment  consisted  of  increasing  to  a  pre¬ 
determined  level  the  transverse  load  or  the  twisting  load  or  both,  de¬ 
pending  on  the  type  of  test.  In  the  cases  where  both  types  of  load  were 
applied  in  the  same  increment,  the  transverse  load  was  applied  first. 
Twenty  nine  beams  were  subjected  to  loads  such  that  for  any  one  test  the 
ratio  of  twisting  moment  to  bending  moment  at  the  end  of  each  increment 
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was  a  constant.  For  the  other  five  beams  this  ratio  was  different  at 
the  end  of  each  increment  and  four  of  these  beams  were  subjected  to 
various  sequences  of  load. 

Based  on  the  observations  made  in  the  experimental  phase  of 
this  investigation  three  idealized  failure  surfaces  have  been  presented, 
two  of  which  were  first  suggested  by  Lessig.  Equations  for  the  ultimate 
torsional  strength  of  a  beam  based  on  each  of  the  three  failure  surfaces 
have  been  developed  and  their  method  of  solution  has  been  presented. 

These  equations  have  also  been  simplified  and  an  interaction  diagram 
consisting  of  three  straight  lines  has  been  presented  along  with  the  ap¬ 
plicable  equations. 

The  correlation  between  the  experimental  results  of  109  beams 
and  the  theoretical  results  obtained  from  both  the  simplified  analysis 
and  the  more  comprehensive  analysis  has  been  given.  Of  these  beams,  34 
are  the  beams  tested  in  this  investigation  and  75  are  beams  that  have  been 
tested  by  other  investigators. 

The  observations  and  test  results  indicate  that  reinforced  con¬ 
crete  beams  that  are  subjected  to  bending,  torsion  and  moderate  amounts 
of  transverse  shear  can  fail  by  three  different  modes.  These  modes  of 
failure  are  characterized  by  the  formation  of  a  hinge  adjacent  to  one 
face  of  the  beam  and  yielding  of  the  reinforcement  adjacent  to  the  face 
opposite  to  the  hinge.  The  modes  of  failure  predicted  by  the  analysis 
agree  with  the  observed  modes  of  failure. 
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CHAPTER  I 


INTRODUCTION 


1-1  General  Remarks 

The  members  of  a  reinforced  concrete  structure  are  subjected 
to  transverse  shear  forces,  axial  forces,  bending  moments  and  torsional 
moments  in  various  combinations.  The  behavior  and  ultimate  strength  of 
reinforced  concrete  members  subjected  to  various  combinations  of  trans¬ 
verse  shear  force,  axial  force  and  bending  moment  have  been  investigated 
rather  extensively.  However,  the  behavior  and  ultimate  strength  of 
reinforced  concrete  members  subjected  to  a  torsional  moment  combined 
with  transverse  shear,  axial  load  or  bending  moment  have  received  less 
attention.  The  reasons  for  this  are: 

(a)  Torsion  is  usually  a  secondary  effect  in  concrete  structures 

(b)  It  is  usually  possible  to  arrange  the  members  in  a  structure 
so  that  they  are  subjected  to  only  very  small  twisting  moments 

(c)  Torsion  tests  require  special  testing  equipment  which  is  not 
readily  available. 

Torsion  is  seldom  taken  into  consideration  in  the  design  of 
concrete  structures.  Current  practice  assumes  that  if  the  members  are 
arranged  so  that  they  are  subjected  to  only  very  small  twisting  moments 
the  factor  of  safety  will  adequately  provide  for  the  effects  of  torsion. 
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However,  since  knowledge  of  the  behavior  of  reinforced  concrete  has  in¬ 
creased  considerably  in  recent  years  and  since  design  procedures  are 
continually  being  refined  it  is  essential  that  the  effects  of  torsion 
be  understood  so  that  provision  can  be  made  for  them  in  design.  In 
addition,  having  to  arrange  the  members  so  that  they  are  subjected  to 
only  small  twisting  moments  imposes  an  undesirable  restriction  on  the 
designer . 

Nylander  (1945)  tested  beams  that  were  reinforced  with  longi¬ 
tudinal  reinforcement  only  since  he  considered  this  to  be  the  type  of 
beam  most  often  encountered  in  actual  structures.  He  found  that  for 
low  stress  in  the  reinforcement,  the  bending  moment  exerted  a  favorable 
influence  on  the  torsional  strength  of  a  beam.  However,  since  current 
practice  is  to  provide  most  reinforced  concrete  beams  with  at  least 
nominal  transverse  reinforcement,  it  is  doubtful  if  Nylander's  beams 
can  be  considered  typical. 

Cowan  (1953)  found  that  subjecting  a  beam  to  a  small  bending 
moment  increases  its  torsional  strength.  He  suggested  that  the  torsional 
strength  of  a  beam  was  equal  to  the  sum  of  the  torsional  strength  of  the 
plain  concrete  section  and  the  contribution  of  the  reinforcement.  However, 
since  his  equations  are  based  on  elastic  theory  they  can  not  be  used  to 
determine  the  ultimate  strength  of  a  beam. 

Lessig  (1959)  suggested  two  possible  modes  of  failure  and  de¬ 
rived  equations  for  the  torsional  strength  of  a  beam.  These  modes  of 
failure  involve  the  formation  of  an  inclined  hinge  adjacent  to  one  of 
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the  faces  of  the  beam.  In  the  equations  the  torsional  strength  of  the 
plain  concrete  section  is  not  considered.  Furthermore,  the  equations 
indicate  that  the  addition  of  a  bending  moment  can  only  reduce  the 
torsional  strength  of  a  beam. 

Yudin  (1962)  and  Gesund,  Schuette,  Buchanan  and  Gray  (1964) 
developed  equations  for  the  torsional  strength  of  a  beam  that  are  based 
on  the  formation  of  a  hinge  parallel  to  the  axis  of  the  beam.  These 
equations  indicate  that  addition  of  a  bending  moment  can  only  reduce 
the  torsional  strength  of  a  beam. 

Pandit  (1965),  similarly  to  Cowan  (1953),  assumed  that  the 
torsional  strength  of  a  beam  was  equal  to  the  sum  of  the  torsional 
strength  of  the  plain  concrete  section  and  the  contribution  of  the  rein¬ 
forcement.  He  stated  that  the  beams  he  tested  showed  no  evidence  of 
the  formation  of  hinges.  The  beams  tested  by  Pandit  were  first  subjected 
to  bending  and  were  then  twisted  to  failure. 

Goode  and  Helmy  (1965)  performed  tests  in  which  the  beams  were 
first  twisted  and  then  bent  to  failure.  They  stated  that  these  beams 
sustained  an  ultimate  bending  moment  at  least  equal  to  the  ultimate  bending 
moment  that  would  be  expected  in  pure  flexure. 

It  can  easily  be  seen  that  there  is  disagreement  with  regard  to 
the  behavior  of  beams  subjected  to  combined  loading.  Before  a  design  pro¬ 
cedure  can  be  formulated  it  is  essential  to  obtain  a  better  understanding 
of  this  behavior.  It  is  hoped  that  this  investigation  will  make  a  con¬ 


tribution  to  that  end. 
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1-2  Ob  j  ect 

The  objectives  of  this  investigation  are: 

(1)  To  observe  the  behavior  of  reinforced  concrete  beams  subjected 
to  combined  loading  with  particular  regard  to  their  behavior 
at  failure. 

(2)  To  study  the  effect  of  bending  moment  and  transverse  shear  on 
the  torsional  strength  of  beams. 

(3)  To  determine  the  effect  of  sequence  of  loading  on  the  ultimate 
strength  of  beams. 

(4)  To  study  the  effect  of  various  combinations  of  longitudinal  and 
transverse  reinforcement  on  the  behavior  and  strength  of  beams. 

(5)  To  develop  a  method  for  predicting  the  strength  of  rectangular, 
reinforced  concrete  beams  subjected  to  combined  loading. 

1-3  Scope 

In  this  investigation  a  total  of  34  beams  were  subjected  to 
various  combinations  of  load  and  sequences  of  load.  All  beams  had  a 
nominal  cross  section  of  6  inches  by  12  inches,  a  nominal  concrete  strength 
of  5000  psi  and  were  reinforced  with  both  longitudinal  and  transverse 
reinforcement . 

Three  beams  were  subjected  to  pure  torsion  and  nineteen  beams 
were  subjected  to  various  combinations  of  bending  and  torsion.  These 
beams  were  divided  into  four  groups.  Twelve  beams  divided  into  three 
groups  were  subjected  to  various  combinations  of  bending,  torsion  and 


shear . 
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All  beams  were  tested  to  failure  by  applying  the  load  in  a 
series  of  increments.  Each  increment  consisted  of  increasing  to  a  pre¬ 
determined  level  the  transverse  load  or  the  twisting  load  or  both,  de¬ 
pending  on  the  type  of  test.  In  those  cases  where  both  types  of  load 
were  applied  in  the  same  increment,  the  transverse  load  was  applied  first. 
For  29  beams  the  ratio  of  twisting  moment  to  bending  moment  at  the  end 
of  each  increment  was  a  constant  in  any  one  test.  For  the  other  five 
beams  this  ratio  was  different  at  the  end  of  each  increment  and  four 
of  these  beams  were  subjected  to  various  sequences  of  load. 

An  analysis  is  presented  which  is  based  on  observations  made 
during  testing.  This  analysis  was  performed  with  the  aid  of  an  IBM  7040 
computer  and  the  results  obtained  are  compared  with  the  experimental  re¬ 
sults.  In  addition,  the  experimental  results  of  75  beams  tested  by 
other  investigators  are  compared  with  the  theoretical  results  obtained 
from  the  analysis.  The  analysis  is  then  simplified  and  the  results 
from  the  simplified  analysis  are  compared  to  the  experimental  results. 
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CHAPTER  II 


REVIEW  OF  PREVIOUS  RESEARCH 


2-1  Introduction 

Although  torsion  in  reinforced  concrete  beams  has  been  investi¬ 
gated  for  many  years,  most  investigations  dealing  with  combined  bending 
and  torsion  have  been  performed  within  the  last  decade.  In  general,  the 
behavior  and  ultimate  strength  of  beams  subjected  to  pure  bending  is  well 
understood  but  the  behavior  and  ultimate  strength  of  beams  subjected  to 
either  pure  torsion  or  combined  bending  and  torsion  is  not.  Since  both 
the  limiting  cases  of  pure  bending  and  pure  torsion  have  been  adequately 
reviewed  previously,  they  will  not  be  reviewed  here.  This  chapter  pre¬ 
sents  a  review  of  previous  research  in  which  the  specimens  were  subjected 
to  various  combinations  of  bending,  torsion  and  transverse  shear. 

2-2  Previous  Research 

Nylander  (1945)  tested  forty  four  beams  of  square,  rectangular, 
and  T  shaped  cross  section.  Thirty  four  were  tested  in  combined  bending 
and  torsion  and  ten  were  tested  in  combined  bending,  torsion  and  shear. 

None  of  the  beams  was  provided  with  transverse  reinforcement.  He  stated 
that  if  the  stress  in  the  reinforcement  due  to  bending  was  low,  the  bending 
moment  exerted  a  favorable  effect  on  the  torsional  strength.  In  addition, 
he  concluded  that  the  ultimate  capacity  of  a  member  subjected  to  bending, 
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torsion  and  shear  could  be  obtained  by  equating  the  sum  of  the  torsional 
and  transverse  shearing  stresses  to  the  ultimate  tensile  strength  of  the 
concr et  e . 

Cowan  (1953)  proposed  equations  to  predict  the  ultimate  strength 
of  reinforced  concrete  beams  under  combined  loading  and  classified  all 
failures  as  either  primary  torsion  or  primary  bending  failures.  He  stated 
that  primary  bending  failure  was  governed  by  crushing  of  the  compressed 
concrete  whereas  primary  torsion  failure  was  governed  by  the  development 
of  45°  helical  cracks.  The  failure  theory  that  he  used  is  a  combination 
of  Rankine's  maximum  principal  stress  theory  and  Coulomb's  internal 
friction  theory.  His  equations  indicate  that  the  addition  of  bending 
increases  the  torsional  strength  whereas  the  addition  of  torsion  reduces 
the  bending  capacity  only  slightly.  Hence,  he  recommended  designing  a 
reinforced  concrete  section  independently  for  bending  and  torsion  without 
reduction  of  the  maximum  permissible  stresses.  This  reduces  the  shape 
of  the  bending-torsion  interaction  diagram  to  a  rectangle.  Furthermore, 
he  recommended  adding  the  torsional  resistance  due  to  the  reinforcement 
to  that  of  a  plain  concrete  section  in  order  to  obtain  the  torsional  re¬ 
sisting  moment  of  the  reinforced  concrete  section. 

Cowan  and  Armstrong  (1955)  tested  seven  rectangular  reinforced 
concrete  beams.  The  results  of  these  tests  were  used  to  substantiate  the 
theory  outlined  above. 

Lessig  (1959)  defined  two  possible  modes  of  failure  for  rectangular 
reinforced  concrete  beams  subjected  to  combined  loading.  These  failure 
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modes  are  based  on  the  assumption  that  at  failure  a  plastic  hinge  that  is 
inclined  to  the  longitudinal  axis  of  the  beam  forms  on  either  the  top  or 
the  side  of  the  beam.  By  making  a  number  of  assumptions  and  using  two 
equations  of  equilibrium,  one  for  moments  and  the  other  for  forces,  an 
equation  for  the  ultimate  torsional  strength  of  a  beam  subjected  to  com¬ 
bined  loading  is  derived  for  each  of  the  modes  of  failure.  These  equations 
indicate  that  a  bending  moment  can  only  reduce  the  ultimate  torsional 
moment  of  a  beam.  A  significant  assumption  that  is  made  is  that  at  failure 
the  tensile  strength  of  the  concrete  does  not  contribute  to  the  torsional 
moment.  This  is  in  direct  contrast  with  Cowan's  assumption  that  the 
torsional  resisting  moment  of  a  reinforced  concrete  beam  is  composed  of 
the  torsional  resistance  of  the  plain  concrete  section  plus  the  contri¬ 
bution  of  the  reinforcement. 

Chinenkov  (1959)  tested  a  total  of  36  beams  in  combined  bending 
and  torsion.  The  results  of  these  tests  were  used  to  substantiate  the 
theory  proposed  by  Lessig.  Twenty  three  of  these  beams  were  reinforced 
with  two  plane  welded  skeletons  of  reinforcement  placed  adjacent  to  the 
vertical  faces  of  the  beam.  Failure  of  these  beams  was  generally  by 
splitting  of  the  concrete  on  the  unreinforced  sides  of  the  beam.  The  re¬ 
maining  13  beams  were  reinforced  with  both  longitudinal  bars  and  closed 
ties.  Chinenkov  stated  that  at  failure  these  beams  developed  a  plastic 
hinge  adjacent  to  their  top  face.  It  was  noted  that  the  appearance  of 
cracks  on  the  flexural  compression  face  did  not  lead  to  failure;  failure 
occurred  only  when  the  flexural  tension  reinforcement  yielded.  The  ratio 
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between  the  experimental  and  the  theoretical  ultimate  twisting  moments  for 
these  beams  was  generally  greater  than  1.0.  This  was  interpreted  as 
evidence  that  the  uncracked  portion  of  concrete  was  resisting  tension. 
However,  the  theoretical  ultimate  twisting  moments  were  computed  by 
simplified  versions  of  Lessig's  original  equations.  The  effect  of  the 
simplifications  on  the  theoretical  ultimate  twisting  moments  was  not 
stated . 

All  thirteen  of  the  beams  with  closed  ties  were  tested  at  a  low 
ratio  of  twisting  moment  to  bending  moment.  This  ratio  varied  between 
0.1  and  0.4.  Consequently,  no  information  was  obtained  regarding  the 
effect  of  small  bending  moments  on  the  torsional  strength  of  the  beams. 

Lyalin  (1959)  tested  thirty  six  beams  in  combined  bending, 
torsion  and  shear  and  compared  the  experimental  failure  moments  to  the 
theoretical  failure  moments  computed  using  Lessig's  simplified  equations. 
The  ratio  of  twisting  moment  to  bending  moment  at  which  thirty  of  these 
beams  were  tested  was  between  0.1  and  0.5.  Of  the  remaining  six,  two 
were  tested  at  a  ratio  of  1.0  and  four  were  tested  in  pure  torsion. 

Lyalin  concluded  from  the  test  results  that  full  redistribution 
of  stress  between  longitudinal  and  transverse  reinforcement  is  obtained 
over  a  large  range  of  the  ratio  between  these  two  types  of  reinforcement. 

He  also  concluded  that  the  amount  of  reinforcement  necessary  to  cause  a 
compression  failure  in  a  beam  subjected  to  bending  and  torsion  is  less 
than  the  amount  required  in  a  beam  that  is  subjected  to  pure  flexure  and 
that  this  amount  varies  with  the  ratio  of  twisting  moment  to  bending  moment. 
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Lessig  (1961)  reported  tests  on  forty  two  beams.  Six  of  these 
were  tested  in  pure  torsion,  six  were  tested  in  combined  bending  and  torsion, 
and  the  remainder  were  tested  in  combined  bending,  torsion  and  shear. 

Except  for  the  beams  tested  in  pure  torsion,  they  were  all  tested  at  a 
ratio  of  twisting  moment  to  bending  moment  of  0.8  or  less.  On  the  basis 
of  the  test  results,  equations  were  proposed  for  determining  the  minimum 
amount  of  reinforcement  necessary  to  cause  a  compression  failure.  In 
addition,  limits  on  the  permissible  variation  of  the  ratio  between  the 
longitudinal  and  the  transverse  reinforcement  were  proposed. 

Yudin  (1962)  stated  that  the  equations  proposed  by  Lessig  in¬ 
dicated  that  a  deficiency  in  longitudinal  reinforcement  could  be  com¬ 
pensated  for  by  an  excess  of  transverse  reinforcement  and  vice  versa. 

He  claimed  that  the  most  rational  procedure  was  not  to  take  moments  about 
an  inclined  axis  but  to  use  equilibrium  of  internal  and  external  moments 
about  two  axes  to  establish  two  equations.  One  of  these  axes  should  be 
parallel  to  the  longitudinal  axis  of  the  beam  and  the  other  should  be 
perpendicular  to  it.  Furthermore,  he  claimed  that  three  equilibrium 
equations  instead  of  two  should  be  used  for  each  possible  mode  of  failure, 
that  the  failure  surface  could  be  defined  with  sufficient  accuracy  by 
assuming  that  on  three  faces  of  the  beam  it  makes  an  angle  of  45°  with 
the  longitudinal  axis,  and  that  since  the  depth  of  the  compression  zone 
was  small  it  could  be  neglected.  On  the  basis  of  these  premises  he  derived 
equations  for  determining  the  ultimate  strength  of  a  reinforced  concrete 
beam  subjected  to  combined  loading. 
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Yudin  (1964)  reported  the  results  of  tests  on  twenty  two  beams. 
He  claimed  that  the  results  substantiated  the  validity  of  his  equations. 
These  beams  were  tested  at  a  ratio  of  twisting  moment  to  bending  moment 
that  was  between  zero  and  0.2. 

Gesund  and  Boston  (1964)  reported  results  of  tests  on  ten  beams. 
Eight  of  these  beams  were  square  and  two  were  rectangular.  All  beams  were 
reinforced  with  longitudinal  reinforcement  only.  Two  beams  were  subjected 
to  pure  torsion  whereas  the  remainder  were  subjected  to  combined  bending 
and  torsion.  It  was  assumed  that  after  cracking  had  defined  a  failure 
surface  the  torsional  moment  was  resisted  by  the  combined  action  of  the 
uncracked  portion  of  the  concrete  and  the  dowel  action  of  the  reinforce¬ 
ment.  It  was  not  found  possible  to  write  an  expression  for  the  first 
of  these  two  quantities  but  an  expression  was  derived  for  the  torsional 
resistance  due  to  the  dowel  action.  The  ultimate  torsional  moment  com¬ 
puted  using  this  expression  was  lower  than  the  experimental  moment  in 
all  cases.  They  concluded  that  beams  subjected  to  bending  and  torsion 
may  fail  in  one  of  several  different  torsional  modes,  or  in  bending  and 
that  if  there  is  no  transverse  reinforcement,  the  dowel  action  of  the 
longitudinal  reinforcement  is  of  paramount  importance  in  resisting  the 
torsion.  They  also  stated  that  the  bending  resistance  of  a  beam  may  be 
severely  reduced  by  the  torsion  if  the  failure  hinge  forms  on  one  side  and 
thus  greatly  reduces  the  lever  arm. 

Gesund,  Schuette,  Buchanan  and  Gray  (1964)  reported  tests  on 
twelve  beams  subjected  to  combined  bending  and  torsion.  Eight  of  these 
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beams  were  square,  four  were  rectangular  and  all  were  provided  with  both 
longitudinal  and  transverse  reinforcement.  A  theoretical  failure  surface 
was  established  utilizing  a  hinge  that  was  located  on  the  top  surface 
of  the  beam  and  was  parallel  to  the  longitudinal  axis  of  the  beam.  On 
the  basis  of  this  failure  surface  and  some  further  assumptions,  equations 
were  derived  for  the  ultimate  torsional  moment  and  the  ultimate  flexural 
moment  of  a  reinforced  concrete  beam.  Several  of  these  equations  are 
similar  to  Yudin's  equations  and  indicate  that  a  bending  moment  of  any 
magnitude  will  not  increase  the  torsional  strength  of  a  beam.  Two 
equations  for  torsional  resistance  were  proposed.  The  first  was  based 
on  the  assumption  that  the  entire  torsional  resistance  was  provided  by 
the  tensile  forces  in  the  ties  and  the  second  on  the  assumption  that  the 
total  torsional  resistance  was  provided  by  the  dowel  action  of  the  ties 
plus  the  dowel  action  of  the  longitudinal  reinforcement.  The  ultimate 
torque  was  taken  as  the  greater  of  the  two  values  given  by  these  two 
equations . 

The  investigators  classed  all  failures  as  either  predominantly 
bending  or  predominantly  torsion.  They  concluded  that  even  a  small  amount 
of  transverse  reinforcement  was  sufficient  to  produce  a  bending  rather 
than  a  torsional  failure  for  a  ratio  of  twisting  moment  to  bending  moment 
equal  to  or  less  than  0.5.  Other  conclusions  stated  were  that  the  trans¬ 
verse  reinforcement  transforms  torque  on  a  reinforced  concrete  beam  into 
additional  bending  moment,  that  if  sufficient  transverse  reinforcement 
is  provided  to  prevent  torsional  failure,  the  stresses  in  this  reinforcement 
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have  no  effect  on  the  strength  of  the  beam,  and  that  the  dowel  action  of 
the  longitudinal  reinforcement  frequently  provides  greater  torsional  re¬ 
sistance  than  the  transverse  reinforcement. 

Collins,  Walsh  and  Hall  (1965)  stated  that  the  results  of  a  series 
of  beams  that  they  tested  indicated  that  a  bending  moment  could  increase 
the  torsional  strength  of  some  beams.  They  reported  that  one  beam  which 
exhibited  this  increased  torsional  strength  failed  by  rotating  about  a 
hinge  that  was  inclined  to  the  axis  of  the  beam  and  was  located  on  the 
bottom  face. 

Goode  and  Helmy  (1965)  stated  that  in  their  opinion  the  contri¬ 
bution  of  the  concrete  to  the  torsional  resistance  could  not  be  ignored. 

They  also  stated  that  beams  which  they  tested  by  first  applying  a  twisting 
moment  and  then  applying  a  bending  moment  until  failure  occurred  exhibited 
an  ultimate  bending  moment  that  was  at  least  as  great  as  the  ultimate 
bending  moment  of  the  beam  in  pure  flexure. 

Evans  and  Sarkar  (1965)  reported  tests  on  eighteen  hollow  rein¬ 
forced  concrete  beams  tested  in  combined  bending  and  torsion.  The  failure 
surface  that  they  used  is  defined  by  cracks  on  the  bottom  and  the  two 
vertical  faces  of  the  beam.  The  angle  that  the  crack  on  the  bottom  face 
of  the  beam  makes  with  the  longitudinal  axis  is  determined  by  the  direction 
of  the  maximum  principal  stress.  This  crack  is  assumed  to  continue  up 
the  vertical  faces  of  the  beam  at  the  same  angle  to  the  longitudinal 
axis  for  a  vertical  distance  equal  to  0.6  times  the  beam  depth.  From 
this  level  to  the  top  surface  of  the  beam  the  cracks  are  assumed  to  be 
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at  45  to  the  longitudinal  axis  of  the  beam.  The  failure  surface  is  de¬ 
fined  on  the  top  face  of  the  beam  by  a  rectangular  compression  zone 
making  an  angle  of  45°  with  the  longitudinal  axis.  The  failure  surface 
is  discontinuous  at  the  top  corners  of  the  beam.  An  equation  for  the 
ultimate  torsional  moment  is  derived  by  using  equilibrium  of  internal 
and  external  moments  about  the  "compression  fulcrum"  which  is  located 
at  mid  depth  of  the  compression  zone. 

Pandit  (1965)  reported  tests  on  thirty  six  plain  and  reinforced 
rectangular  concrete  beams.  In  these  tests  the  bending  load  was  applied 
first  and  then  twisting  moment  was  applied  until  failure  occurred.  Nine 
of  the  beams  were  plain  concrete  and  twenty  seven  were  reinforced  with 
both  longitudinal  and  transverse  reinforcement.  One  of  the  plain  concrete 
beams  was  tested  in  pure  bending,  two  in  pure  torsion,  three  in  bending 
and  torsion  and  three  in  bending,  torsion  and  shear.  Seven  of  the  rein¬ 
forced  concrete  beams  were  tested  in  pure  torsion,  one  in  pure  bending,  ten 
in  combined  bending  and  torsion  and  nine  in  combined  bending,  torsion 
and  shear. 

All  failures  were  classified  as  either  cleavage  or  hybrid  and 
it  is  stated  that  there  was  no  evidence  of  the  formation  of  plastic  hinges 
on  the  top  or  the  sides  of  the  beams.  The  test  results  indicated  that  a 
small  bending  moment  could  in  some  cases  increase  the  torsional  strength 
of  the  member. 

An  analysis  for  the  ultimate  strength  of  reinforced  concrete 
beams  subjected  to  combined  loading  was  proposed.  In  this  analysis  it 


' 

1 

■ 

. 

' 

.  no  •  :  f: 

■.Jr  tr  I  no  a;  s:  bj  91  (££9..)  3.: 

'  •  • 

■  »rul  i*3  t  iJriii  .ba.ilqqB  bbw  Jnsnroro  gnisaiwd  astiJ  bna  iaril 

•  ■  In '3  o:j  j  •  f  ■  • ! ;  .  t 

nislq  vda  3o  iiiO  .  Unsmaoxo In .< a ?  s-  rsvanerr  J.nt  Iff  m  (no!  riaocf 

■ 

n  *  1  ;oThrjsd  3  7L<q  m  , .  jjfcrod  exuc  oi  L ■  >  1 ■> J  9 -iow  odsronca  faaaioi 

;  .  -.t  .41  r. 

■ 

« 

.  r^dn.eflC'  3  o 

' 


15 


was  assumed  that  the  torsional  strength  of  a  reinforced  concrete  beam 
was  the  sum  of  the  torsional  strength  of  the  plain  concrete  beam  and  the 
contribution  due  to  the  reinforcement.  The  torsional  strength  of  the 
plain  concrete  beam  was  calculated  by  using  a  modification  of  the  sand 
heap  analogy  which  considered  the  beam  to  be  composed  of  a  region  of 
compressed  concrete  and  another  region  of  uncompressed  concrete.  The  unit 
torsional  strength  of  the  compressed  concrete  was  defined  by  Cowan's 
theory  of  failure  and  the  unit  torsional  strength  of  the  uncompressed 
concrete  was  established  empirically  from  the  test  results.  It  was 
assumed  that  the  flexural  compression  was  uniformly  distributed  over 
an  area  equal  to  one-fourth  of  the  area  of  the  cross  section  of  the  beam. 

It  was  also  assumed  that  the  splitting  of  the  concrete  on  the  top  face 
of  the  beam  caused  by  the  twisting  moment  reduced  the  lever  arm  of  the 
internal  flexural  moment.  The  lever  arm  was  assumed  to  vary  linearly 
with  respect  to  bending  moment  over  the  entire  range  from  pure  flexure 
to  pure  torsion. 

The  number  of  ties  participating  in  resisting  the  torsional 
moment  was  taken  as  the  smallest  number  of  ties  intersected  by  a  potential 
crack  making  an  angle  of  45°  with  the  axis  of  the  beam.  The  ties  inter¬ 
sected  by  this  potential  failure  crack  were  assumed  to  yield  at  failure 
provided  there  was  adequate  top  and  bottom  longitudinal  reinforcement 
present  to  provide  for  the  longitudinal  component  of  the  diagonal  tension. 
The  contribution  of  the  reinforcement  to  the  torsional  strength  was  assumed 
to  be  governed  by  the  yield  of  top,  bottom  or  transverse  reinforcement, 
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whichever  occurred  first.  When  the  beam  was  subjected  to  a  bending  moment 
in  addition  to  a  torsional  moment  the  longitudinal  reinforcement  was  re¬ 
quired  to  be  sufficient  to  resist  both  the  bending  moment  and  the  longi¬ 
tudinal  component  of  the  diagonal  tension.  As  a  further  contribution  of 
the  reinforcement  to  the  torsional  strength,  the  longitudinal  bars  were 
considered  to  exhibit  dowel  strength  proportional  to  the  plastic  moments 
they  could  develop. 
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CHAPTER  III 


TEST  SPECIMENS,  EQUIPMENT  AND  PROCEDURE 

3-1  Test  Specimens 

The  thirty-four  beams  reported  in  this  investigation  were  all 
provided  with  both  longitudinal  and  transverse  reinforcement.  They  were 
divided  into  seven  groups  as  outlined  in  TABLE  3-1.  The  beams  of  Groups 
1  to  4  inclusive  were  designed  to  be  tested  in  combined  bending  and  torsion, 
whereas  those  of  Groups  5  to  7  were  designed  to  be  tested  in  combined 
bending,  torsion  and  shear.  All  beams  had  a  nominal  cross  section  of 
6  x  12  inches  and  their  overall  length  was  9 '-11".  The  nominal  compressive 
strength  of  the  concrete  was  5000  psi,  the  concrete  mix  being  the  same  for 
all  beams.  The  compressive  and  tensile  strengths  of  the  concrete  were 
determined  by  means  of  compression  and  splitting  tensile  tests  respectively 
on  6  x  12  inch  control  cylinders.  These  are  given  in  TABLE  4-1  of  CHAPTER 
IV.  The  method  of  fabrication  of  the  specimens  and  the  properties  of  the 
sand,  coarse  aggregate  and  reinforcing  steel  are  given  in  Appendix  A. 

The  transverse  reinforcement  provided  in  these  beams  was  obtained  from 
the  manufacturer  in  two  batches  which  were  designated  as  lot  number  one 
and  two.  All  beams  of  Group  3  and  Beams  1-1  to  1-5  of  Group  1  were  rein¬ 
forced  with  transverse  reinforcement  from  lot  number  1,  whereas  all  other 
beams  were  fabricated  with  transverse  reinforcement  from  lot  number  two. 
Extra  reinforcement,  both  longitudinal  and  transverse,  was  provided  outside 
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of  the  gauge  length  to  ensure  that  failure  occurred  within  the  gauge 
length.  The  gauge  lengths  of  the  beams  and  their  position  in  the  beams 
are  shown  in  FIGURE  3-1. 

The  details  of  the  reinforcing  steel  are  shown  in  FIGURE  3-2 
and  TABLE  3-1.  The  reinforcement  for  the  beams  of  Group  1  was  designed 
such  that  the  top  longitudinal  reinforcement  was  less  than  the  bottom. 

The  reinforcement  for  the  beams  of  Group  2  was  identical  to  that  of  Group 
1  except  that  the  top  longitudinal  reinforcement  was  equal  to  the  bottom. 
The  beams  of  Group  3  were  reinforced  identically  to  those  of  Group  C 
tested  by  Pandit  (1965).  Group  A  beam?  were  reinforced  such  that  for 
Beams  4-1  to  4-4  inclusive  the  longitudinal  reinforcement  remained  con¬ 
stant  whereas  the  spacing  of  the  transverse  reinforcement  was  progressively 
increased.  The  reinforcement  was  designed  such  that  the  test  results  of 
Beam  3-4  could  be  utilized  in  conjunction  with  these  beams.  Beams  4-5 
and  4-6  were  designed  so  they  could  be  utilized  in  conjunction  with  Beam 
1-5.  Both  the  bottom  longitudinal  and  the  transverse  reinforcement  were 
progressively  reduced  from  that  of  Beam  1-5.  The  reinforcement  for  all 
beams  of  Groups  5  and  6  was  identical  to  that  of  Group  1.  The  beams  of 
Group  7  were  provided  with  larger  bottom  reinforcing  bars  than  the  beams 
of  Groups  1,  5  and  6,  and  the  spacing  of  the  transverse  reinforcement  was 
increased.  This  was  done  to  obtain  beams  that  would  be  stronger  in  flexure 


but  weaker  in  transverse  shear. 
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FIGURE  3-2  REINFORCING  STEEL  DETAILS 
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TABLE  3-1 

REINFORCING  STEEL  DETAILS 


Group 

Beam  No. 

Longitudina 1 
Top 

Bars 

Bottom 

Size 

Ties 

Spacing 

inches 

Lot  No. 
of  Ties 

1 

1-1  to  1-5 

2  #3 

2  #6 

#3 

4 

1 

1-6 

2#3 

2#6 

#3 

3i 

2 

2 

2-1  to  2-5 

2#6 

2  #6 

#3 

3i 

2 

3 

3-1  to  3-5 

2#  3 

2  #5 

#3 

4 

1 

4 

4-1 

2#  3 

2  #5 

#3 

3 

2 

4-2 

2#3 

2  #5 

#3 

6 

2 

4-3 

2  #3 

2  #5 

#3 

2 

4-4 

2#3 

2  #5 

#3 

9 

2 

4-5 

2#  3 

2  #5 

#3 

2 

4-6 

2#3 

2  #4 

#3 

7 

2 

5 

5-1  to  5-4 

2#3 

2  #6 

#3 

* 

2 

6 

6-1  to  6-4 

2#3 

2  #6 

#3 

3- 

4 

2 

7 

7-1  to  7-4 

2#3 

2  #8 

#3 

5 

2 

3-2  Instrumentation  of  Specimens 

The  specimens  were  instrumented  to  enable  measurement  of  angle 
of  twist,  deflections  and  reinforcement  strains. 

(a)  Angle  of  Twist 

The  twistmeters  were  designed  to  measure  total  angle  of  twist 
over  the  gauge  length  and  were  mounted  at  each  end  of  the  gauge  length  as 
shown  in  FIGURE  3-3(a) .  These  twistmeters  consisted  of  a  level  bubble 
mounted  on  a  length  of  1  1/2"  x  1"  channel  which  was  fixed  to  a  base  at 
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one  end  by  a  pin  joint.  The  other  end  of  the  channel  was  supported  by 
the  needle  of  a  micrometer  screw  that  was  mounted  on  the  base.  Close 
contact  between  the  channel  and  the  micrometer  screw  needle  was  maintained 
by  springs.  This  assembly  was  then  attached  to  the  top  of  the  beam  by 
means  of  a  clamping  bracket.  The  distance  between  the  pin  joint  and  the 
micrometer  screw  needle  was  15"  and  the  smallest  division  on  the  micro¬ 
meter  was  0.001".  The  angle  of  twist  through  which  each  twistmeter 
rotated  was  computed  from  the  difference  in  the  readings  of  the  micro¬ 
meter  screw.  The  total  angle  of  twist  over  the  gauge  length  was  com¬ 
puted  by  taking  the  difference  between  the  angles  of  twist  obtained  from 
each  twistmeter. 

(b)  Deflections 

The  deflections  of  the  beam  were  measured  at  three  locations 
which  are  shown  in  FIGURE  3-3(a) .  The  deflection  gauges  consisted  of  a 
clamping  bracket  mounted  on  the  beam,  from  which  a  rod  projected  hori¬ 
zontally  on  each  side  of  the  beam  and  at  mid  depth.  From  these  rods, 
scales  were  suspended  at  equal  distances  from  the  face  of  the  beam.  The 
smallest  division  on  the  scales  was  0.01".  The  scales  were  read  by  using 
two  precise  levels  located  to  each  side  of  the  beam.  The  deflection  of 
the  beam  was  obtained  by  averaging  the  readings  obtained  from  each  side 
of  the  gauge.  The  deflection  obtained  in  this  manner  is  the  vertical 
deflection  of  the  center  of  the  cross  section. 

(c)  Reinforcement  Strains 


SR-4  electrical  resistance  strain  gauges  were  used  to  measure 
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strains  in  the  reinforcement.  In  general,  one  gauge  was  mounted  on  each 
of  the  longitudinal  bars  and  four  gauges  were  mounted  on  one  of  the  ties. 
In  order  to  facilitate  reference  to  these  gauges,  the  following  numbering 
system  was  established. 


Longitudinal  Bars 

Location  of  Bar 


Top  face,  north  side 
Top  face,  south  side 
Bottom  face,  north  side 
Bottom  face,  south  side 


No.  of  Gauge 


1 

2 

3 

4 


Tie 


Location  of  Gauge 


No.  of  Gauge 


Bottom  horizontal  leg 

of  tie  5 
North  vertical  leg  of  tie  6 
Top  horizontal  leg  of  tie  7 
South  vertical  leg  of  tie  8 


The  locations  of  gauges  5  to  8  are  illustrated  in  FIGURE  3-3(b) . 

Beams  3-2  and  3-5  were  provided  with  additional  gauges  as  dis¬ 


cussed  below. 


(i)  Beam  3-2:  Five  additional  gauges  were  mounted  on  the  tie.  These 
gauges  were  numbered  9  through  13.  The  locations  are  detailed 


in  FIGURE  3-3(b) . 


(ii)  Beam  3-5:  Twelve  additional  gauges  were  mounted  on  the  longitudinal 
bars  and  on  other  ties.  These  gauges  were  numbered  as  follows: 
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Longitudinal  Bars 


Location  of  Bar 


No.  of  Gauge 


Top  face,  north  side  9 

Top  face,  south  side  10,17 

Bottom  face,  north  side  11,18 

Bottom  face,  south  side  12 


Tie 


Location  of  Gauge 


No.  of  Gauge 


Bottom  horizontal  leg 

of  tie  13,19 

North  vertical  leg  of  tie  14,20 

Top  horizontal  leg  of  tie  15 

South  vertical  leg  of  tie  16 


Gauges  13  to  16  were  all  mounted  on  the  same  tie,  whereas  gauges  19  and 


20  were  mounted  on  another  tie. 


For  the  beams  of  Groups  5,  6  and  7,  the  location  of  the  gauges 
on  the  longitudinal  reinforcement  and  the  location  of  the  instrumented 
tie  are  shown  in  FIGURE  3-3(c) . 


3-3  Test  Equipment 

The  arrangement  of  the  equipment  used  for  testing  the  beams 
is  illustrated  by  FIGURES  3-4,  3-5  and  3-6. 

The  equipment  for  applying  the  twisting  moment  was  completely 
independent  of  the  equipment  used  to  apply  the  bending  moment.  The  trans¬ 
verse  load  was  applied  by  a  100  kip  Amsler  jack.  This  load  was  first 
transferred  to  a  distributing  beam  that  was  supported  at  one  end  by  a 
ball  and  at  the  other  end  by  a  roller.  This  ball  and  roller  each  rested 
on  a  roller  assembly  which  in  turn  rested  on  a  pipe  collar.  The  specimen 
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FIGURE  3  -  4  EQUIPMENT  ARRANGEMENT  FOR  COMBINED  BENDING  AND  TORSION 


V 
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FIGURE  3  -  5  TEST  SETUP  FOR  COMBINED 
BENDING  AND  TORSION 


FIGURE  3- 6  TEST  SETUP  FOR  COMBINED 

BENDING,  TORSION  AND  SHEAR 
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was  clamped  inside  the  pipe  collars.  They  permitted  the  twisting  moment 
to  be  transmitted  freely  from  one  end  of  the  specimen  to  the  other.  For 
those  specimens  subjected  to  a  single  transverse  load,  the  distributing 
beam  was  not  used;  the  transverse  load  was  transferred  directly  to  the 
roller  assembly.  The  position  of  the  single  transverse  load  is  shown  in 
FIGURE  3-1. 

The  east  end  of  the  specimen  was  supported  by  the  twisting  head 
through  which  the  torsional  moment  was  applied.  The  twisting  head  is 
illustrated  by  FIGURES  3-7,  3-8  and  3-9.  It  permitted  the  specimen  to 
rotate  about  its  longitudinal  axis  and  about  both  a  horizontal  and  vertical 
axis  perpendicular  to  the  axis  of  the  specimen.  The  forces  in  the  cables 
which  were  attached  to  the  arms  of  the  twisting  head  were  measured  by 
load  cells  and  an  indicator.  These  had  been  calibrated  using  a  200  kip 
universal  testing  machine. 

The  forces  in  the  cables  were  produced  by  the  torsional  loading 
system  illustrated  in  FIGURES  3-10  and  3-11.  The  cables  attached  to  the 
torsion  arms  of  the  twisting  head  were  connected  to  the  ends  of  the  cross 
head  by  adjustable  connecting  devices.  Each  end  of  the  cross  head  was  pro¬ 
vided  with  a  roller  system  to  ensure  that  binding  did  not  occur  as  the 
cross  head  moved  within  the  guides  provided.  The  cross  head  was  loaded 
at  its  center  by  two  20  kip  hydraulic  jacks  coupled  in  series.  The  hy¬ 
draulic  pressure  was  generated  by  a  manual  pump.  The  purpose  of  coupling 
the  jacks  in  series  was  to  increase  the  stroke  to  16",  which  corresponds 
to  a  rotation  of  the  twisting  head  of  approximately  26°.  This  is  slightly 
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FIGURE  3- 7  TWISTING  HEAD 


OAnowrciwr  v-usuion 


FIGURE  3  -  8  GENERAL  VIEW  OF  TWISTING  HEAD 


FIGURE  3  -  9  VIEW  OF  TWISTING  HEAD  SHOWING 

ROTATION  ABOUT  THREE  AXES 
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FIGURE  3-  10  TORSIONAL  LOADING  EQUIPMENT 
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FIGURE  3-  11  GENERAL  VIEW  OF  TORSIONAL 

LOADING  EQUIPMENT 


FIGURE  3  -  12  GENERAL  VIEW  OF  FIXED  HEAD 
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greater  than  the  maximum  rotation  of  which  the  twisting  head  is  capable. 

The  west  end  of  the  specimen  was  supported  by  the  fixed  head 
which  is  illustrated  by  FIGURES  3-12  and  3-13.  This  fixed  head  permitted 
the  specimen  to  translate  in  a  direction  parallel  to  its  longitudinal 
axis,  and  to  rotate  about  a  horizontal  axis  perpendicular  to  its  longi¬ 
tudinal  axis. 

3-4  Testing  Procedure 

Each  specimen  was  tested  to  failure  by  applying  the  load  in  a 
series  of  increments.  Each  increment  consisted  of  increasing  to  a  pre¬ 
determined  level  the  transverse  load  or  the  twisting  load  or  both,  de¬ 
pending  on  the  type  of  test.  In  those  cases  where  both  types  of  load 
were  applied  in  the  same  increment,  the  transverse  load  was  applied  first. 
In  the  advanced  stages  of  a  test,  the  loads  were  generally  applied  in 
fractions  of  an  increment.  If  failure  did  not  occur  during  or  after  the 
application  of  a  fraction  of  an  increment,  a  further  fraction  was  applied 
until  failure  occurred  or  a  full  increment  was  reached.  After  each  full 
increment  of  load  was  reached,  the  transverse  and  twisting  loads  were 
held  constant  and  recorded.  Readings  of  the  electrical  resistance  strain 
gauges,  the  twistmeters  and  the  deflection  gauges  were  also  recorded  and 
the  crack  patterns  were  marked.  In  all  instances  load  application  was 
continued  well  beyond  the  stage  at  which  peak  values  were  observed. 

The  first  transverse  load  applied  to  a  specimen  was  the  load 
due  to  the  testing  equipment,  i.e.  the  distributing  beam  and  roller  as¬ 
semblies.  Included  in  this  load  for  the  computation  of  the  bending  moment 
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FIGURE  3-  13  FIXED  HEAD 
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acting  on  the  beam  was  the  load  due  to  the  pipe  collars  and  the  dead 
weight  of  the  beam.  The  first  torsional  load  applied  to  a  specimen  was 
the  weight  of  the  cross  head. 

All  beams  except  those  of  Group  3  and  Beam  1-2  were  subjected 
to  loadings  such  that  for  any  one  test  the  ratio  of  twisting  moment  to 
bending  moment  at  the  end  of  each  increment  was  a  constant.  For  those 
beams  which  had  a  bending  moment  gradient  within  the  gauge  length,  this 
ratio  was  computed  using  the  bending  moment  at  the  west  end  of  the  gauge 
length.  This  bending  moment  was  the  largest  within  the  gauge  length. 

In  the  test  of  Beam  1-2  the  ratio  of  twisting  moment  to  bending 
moment  after  the  first  load  increment  was  2.0.  Due  to  an  error,  sub¬ 
sequent  increments  were  applied  such  that  the  increase  in  twisting  moment 
was  four  times  as  large  as  the  increase  in  bending  moment. 

Group  3  beams  were  tested  in  the  following  manner: 

(a)  Beam  3-1:  This  beam  was  tested  in  pure  torsion. 

(b)  Beam  3-2:  A  small  bending  moment  due  to  the  weight  of  the 
testing  equipment  was  first  applied  to  this  beam.  Next,  a 
twisting  moment  of  approximately  75  percent  of  the  ultimate 
twisting  moment  exhibited  by  Beam  3-1  was  applied.  Bending 
moment  was  then  applied  until  a  predetermined  level  was  reached. 
Finally,  the  specimen  was  twisted  to  failure. 

(c)  Beam  3-3:  This  beam  was  first  subjected  to  transverse  load 
until  the  bending  moment  was  equal  to  the  maximum  bending  moment 
sustained  by  Beam  3-2.  It  was  then  twisted  to  failure. 
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(d)  Beam  3-4:  The  bending  moment  due  to  the  weight  of  the  testing 
equipment  was  first  applied.  Next,  a  twisting  moment  of  approxi¬ 
mately  75  percent  of  the  ultimate  twisting  moment  exhibited  by 
Beam  3-1  was  applied.  Then  transverse  load  was  applied  until 
the  bending  moment  was  equal  to  approximately  one-half  of  the 
ultimate  bending  moment  of  Beams  3-2  and  3-3.  The  twisting 
moment  was  then  increased  to  the  ultimate  value  of  twisting 
moment  exhibited  by  Beam  3-1.  Finally,  the  specimen  was  bent 

to  failure. 

(e)  Beam  3-5:  The  bending  moment  due  to  the  weight  of  the  testing 
equipment  was  first  applied.  The  beam  was  then  twisted  to 

a  predetermined  level.  Finally,  the  specimen  was  bent  to 
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CHAPTER  IV 


TEST  RESULTS 


4-1  Introduction 

The  principal  test  results  and  the  general  behavior  of  the  beams 
are  presented  in  this  chapter.  More  detailed  results,  which  include 
readings  at  the  end  of  each  load  increment  and  plots  of  twisting  moment 
versus  angle  of  twist,  deflection,  and  reinforcement  stress  for  each  beam, 
are  presented  in  Appendix  B. 

4-2  Principal  Test  Results 

The  principal  test  results,  which  include  the  material  and 
geometrical  properties  of  the  beams  and  the  maximum  moments  and  forces 
sustained  by  them,  are  presented  in  TABLE  4-1.  The  maximum  recorded  twist 
is  generally  the  angle  of  twist  recorded  at  the  end  of  the  load  increment 
immediately  preceeding  failure.  For  those  beams  tested  in  combined  bending, 
torsion  and  shear  (Groups  5,  6,  and  7)  the  bending  moment  listed  is  the 
maximum  bending  moment  within  the  gauge  length  and  occurred  at  the  west 
end  of  the  gauge  length.  The  ratio  of  twisting  moment  to  bending  moment 
at  which  the  tests  were  conducted  is  denoted  as  0  ,  and  is  discussed  in 
SECTION  4-3(d) .  The  value  of  0  listed  in  TABLE  4-1  for  any  beam  is  the 
value  which  existed  at  failure.  For  those  beams  which  failed  during 
application  of  an  increment  of  load,  the  value  of  0  listed  in  TABLE  4-1 
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TABLE  4-1 


PRINCIPAL  TEST  RESULTS 


Beam 

Max 

Max 

Max 

Max 

Concrete 

Strength 

Dimensions 

Bending 

Twisting 

Recorded 

Max. Tw. Mom. 
Max.B.  Mom. 

Shear 

Beam 

Compressive 

*  Tensile* 

Width 

Depth 

Moment 

Moment 

Twist 

Force 

P- 

s .  i . 

in. 

in. kips 

in . kips 

Radians /in. 

A 

kips 

x  10° 

1-1 

5190 

495 

6.19 

12.13 

0 

122 

1233 

OO 

1-2 

4440 

398 

6.38 

12.13 

47 

138 

1435 

2.94 

-- 

1-3 

5060 

416 

6.00 

12.13 

70 

140 

17  30 

2.00 

-- 

1-4 

4970 

440 

6.38 

12.13 

159 

159 

1258 

1.00 

.  -- 

1-5 

4820 

433 

6.00 

12.13 

267 

131 

1210 

0.49 

-- 

1-6 

5540 

522 

6.00 

12.13 

362 

90 

315 

0.25 

2-1 

5750 

460 

6.38 

12.13 

0 

181 

1483 

OO 

-- 

2-2 

5020 

327 

6.38 

12.13 

88 

172 

1593 

1.96 

-- 

2-3 

5500 

480 

6.00 

12.13 

166 

166 

1850 

1.00 

— 

2-4 

5220 

495 

6.25 

12.13 

267 

134 

875 

0.50 

-- 

2-5 

5310 

433 

6.38 

12.13 

362 

90 

335 

0.25 

”  - 

3-1 

5330 

462 

6.25 

12.13 

0 

115 

1440 

OO 

-- 

3-2 

5330 

515 

6.38 

12.13 

111 

117 

1733 

1.05 

3-3 

5460** 

- 

6.38 

12.13 

111 

120 

1430 

1.08 

-- 

3-4 

5460** 

- 

6.25 

12.13 

188 

115 

1253 

0.61 

-- 

3-5 

5820 

497 

6.38 

12.13 

265 

73 

738 

0.28 

4-1 

5380 

504 

6.25 

12.13 

200 

120 

818 

0.60 

-- 

4-2 

5700 

442 

6.38 

12.13 

166 

101 

935 

0.61 

-- 

4-3 

5850 

513 

6.00 

12.13 

153 

93 

1094 

0.61 

-- 

4-4 

5670 

475 

6.25 

12.13 

146 

85 

1019 

0.58 

-- 

4-5 

5570 

433 

6.38 

12.13 

212 

103 

717 

0.49 

-- 

4-6 

6280 

477 

6.00 

12.13 

132 

66 

567 

0.50 

-  “  . 

5-1 

5710 

446 

6.25 

12.13 

65 

128 

1528 

1.97 

0.76 

5-2 

6370 

428 

6.38 

12.13 

143 

141 

1746 

0.99 

1.89 

5-3 

6060 

418 

6.00 

12.13 

278 

130 

1390 

0.47 

3.87 

5-4 

5800 

409 

6.25 

12.13 

389 

99 

1815 

0.25 

5.51 

6-1 

5860 

459 

6.25 

12.13 

65 

129 

1397 

1.98 

1.81 

6-2 

5930 

424 

5.94 

12.13 

149 

145 

1821 

0.97 

4.27 

6-3 

5700 

413 

6.25 

12.13 

264 

132 

1459 

0.50 

7.67 

6-4 

5720 

504 

6.38 

12.13 

427 

107 

1006 

0.25 

12.45 

7-1 

6080 

482 

5.94 

12.13 

56 

112 

1592 

2.00 

1.56 

7-2 

5210 

438 

6.25 

12.13 

115 

115 

955 

1.00 

3.32 

7-3 

5700 

382 

6.38 

12.13 

275 

132 

1504 

0.48 

8.11 

7-4 

5340 

447 

5.94 

12.13 

505 

125 

870 

0.25 

14.97 

*Average  value  from  two  6  x  12  inch  cylinders 

**Compressive  strength  of  Beams  3-3  and  3-4  is  based  on  one  6  x  12  inch  cylinder 
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is  lower  than  that  discussed  in  SECTION  4-3(d) . 

4-3  Behavior 

(a)  General  Behavior  Prior  to  Failure 

The  twisting  moment  versus  angle  of  twist  relationship  for  each 
beam  is  presented  in  Appendix  B.  For  those  beams  tested  in  pure  torsion, 
the  initial  stage  of  this  relationship  was  linear.  However,  after  the 
level  of  twisting  moment  at  which  cracks  in  the  concrete  were  observed 
was  reached,  this  relationship  became  curved.  The  length  of  the  linear 
portion  of  this  relationship  decreased  for  those  beams  tested  in  combined 
bending  and  torsion  and  the  complete  relationship  was  curved  for  those 
beams  tested  with  a  value  of  0  =  0.23. 

The  twisting  moment -deflection  relationship  for  each  beam  is 
presented  in  Appendix  B.  This  relationship  varied  considerably  and  was 
found  to  be  dependent  on  the  value  of  0  and  on  the  amount  of  top  longi¬ 
tudinal  reinforcement  relative  to  the  amount  of  bottom  longitudinal  rein¬ 
forcement.  Those  beams  which  had  equal  top  and  bottom  reinforcement  and 
which  were  tested  with  a  high  value  of  0  exhibited  small  deflections.  For 
purposes  of  this  discussion  a  high  value  of  0  is  regarded  as  2.0  or  greater 
and  a  low  value  as  0.5  or  less.  As  the  value  of  0  at  which  these  beams 
were  tested  was  decreased,  the  deflection  of  the  beams  at  any  particular 
stage  of  the  test  became  progressively  larger.  The  beams  that  were  tested 
at  a  high  value  of  0  and  provided  with  less  top  longitudinal  reinforcement 
than  bottom  exhibited  negative  or  upward  deflections  in  the  latter  stages 
of  the  test.  As  the  value  of  0  at  which  these  beams  were  tested  was  de- 
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creased  the  deflection  at  any  particular  stage  of  the  test  became  less 
negative  and  subsequently  became  positive.  At  0  equal  to  0.25  this  type 
of  beam  exhibited  a  positive  deflection  of  the  same  order  of  magnitude 
as  exhibited  by  the  type  of  beam  which  had  equal  top  and  bottom  reinforce¬ 
ment  and  which  was  tested  at  0  equal  to  0.25.  The  beams  that  exhibited 
negative  deflection  during  the  latter  stages  of  the  test  usually  had  zero 
or  a  small  positive  deflection  up  to  the  level  of  twisting  moment  at  which 
cracking  occurred.  After  cracking  occurred  the  deflection  became  negative. 

Neither  the  quantity  nor  the  distribution  of  the  reinforcement 
affected  the  appearance  and  initial  development  of  cracks.  However,  the 
value  of  0  at  which  the  test  was  conducted  affected  them  considerably. 

For  those  beams  tested  at  a  high  value  of  0  ,  the  first  cracks  appeared 
at  mid  depth  of  the  vertical  faces  and  were  inclined  at  approximately 
45°  to  the  axis  of  the  beam.  Further  loading  extended  these  cracks  to 
the  top  and  bottom  faces.  These  cracks,  where  they  first  appeared  on 
the  top  and  bottom  faces,  made  an  angle  of  approximately  90°  with  the 
axis  of  the  beam.  However,  as  they  progressed  they  became  inclined  to 
the  axis  of  the  beam  at  approximately  45°.  All  faces  exhibited  numerous 
cracks  at  twisting  moments  considerably  less  than  the  ultimate  values.  The 
effect  of  reducing  the  value  of  0  was  to  delay  the  appearance  of  cracks 
on  the  top  face  and  to  cause  the  cracks  on  the  vertical  faces  to  progress 
downward  more  rapidly  than  upward.  Nevertheless,  cracks  generally  appeared 
on  the  top  face  within  one  or  two  increments  of  first  cracking  and  at 
twisting  moments  considerably  less  than  the  ultimate. 
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First  cracking  of  the  beams  tested  at  a  low  value  of  0  generally 
occurred  on  the  bottom  face  and  the  lower  portion  of  the  vertical  faces. 

On  the  bottom  face  these  cracks  were  nearly  perpendicular  to  the  axis  of 
the  beam  and  on  the  vertical  faces  they  were  nearly  vertical.  As  further 
loading  was  applied  to  the  beam,  these  cracks  at  first  progressed  vertically 
up  the  vertical  faces  but  subsequently  the  extensions  became  inclined.  At 
the  same  time,  inclined  cracks  formed  on  the  vertical  faces.  They  were 
either  new  cracks  or  cracks  which  started  at  and  progressed  downward  from 
the  vertical  cracks.  Inclined  cracks  were  also  observed  on  the  bottom  face 
at  this  time.  All  faces  of  the  beams  were  cracked  at  twisting  moments  less 
than  the  ultimate  values. 

FIGURE  4-1  illustrates  the  effect  of  the  amount  of  reinforcement 
in  a  beam  on  the  crack  pattern.  Beams  with  large  amounts  of  reinforce¬ 
ment  exhibited  more  numerous  but  narrower  cracks  than  those  with  small 
amounts  of  reinforcement. 

The  sequence  of  development  of  cracks  on  several  beams  tested 
with  a  single  transverse  load  and  at  a  low  value  of  0  was  somewhat  different 
than  that  described  above  and  is  illustrated  by  FIGURES  4-2  and  4-3.  The 
first  cracks  observed  on  these  beams  were  inclined  cracks  that  occurred 
on  the  south  face,  i.e.  the  face  on  which  the  diagonal  tension  stresses 
due  to  transverse  shear  and  torsional  shear  were  additive.  Further  loading 
caused  new  inclined  cracks  to  appear  on  the  south  face  and  the  existing 
ones  to  extend  toward  the  top  and  bottom  faces.  Inclined  cracks  on  the 
top  and  bottom  faces  also  appeared  at  this  time.  The  north  face  was  either 
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FIGURE  4  -  1  CRACK  PATTERN  OF  BEAMS  4  -  1  AND  4  -  4 
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FIGURE  4  -  2  CRACK  PATTERN  OF  BEAM  6  -  3 


BEAM  7-4 

NORTH  SIDE 


FIGURE  4  -  3  CRACK  PATTERN  OF  BEAM  7  -  4 
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uncracked  or  had  a  few  small  vertical  or  inclined  cracks.  Subsequent 
increments  of  load  produced  inclined  cracks  on  the  north  face  as  well 
as  the  other  faces. 

(b)  General  Behavior  at  Failure 

When  the  beam  could  no  longer  sustain  the  loads  to  which  it 
was  subjected  or  could  not  sustain  an  increase  in  these  loads,  it  was 
considered  to  have  failed.  The  forces  acting  on  it  at  this  time  were 
considered  to  be  the  failure  forces. 

In  all  tests,  application  of  load  was  carried  well  beyond 
observance  of  peak  values  of  twisting  load  and  transverse  load.  Most 
beams  failed  while  the  twisting  moment  portion  of  the  load  increment  was 
being  applied.  However,  several  failed  during  application  of  the  bending 
portion  and  several  failed  after  application  of  a  full  load  increment  and 
while  readings  were  being  taken. 

At  failure  there  was  a  large  increase  in  the  angle  of  twist  and, 
if  the  level  of  transverse  load  was  high,  in  the  vertical  deflection.  At 
this  time  the  transverse  load  and  the  twisting  load  decreased  noticeably. 
Due  to  the  load  maintaining  feature  of  the  transverse  loading  equipment, 
the  previous  level  of  transverse  load  was  quickly  regained,  but  further 
application  of  twist  in  an  effort  to  reach  the  previous  level  of  twisting 
load  resulted  only  in  further  rotation  of  the  beam  with  little  or  no  corres 
ponding  increase  in  load.  However,  when  twisting  was  stopped  and  the  beam 
was  allowed  to  stabilize,  the  level  of  twisting  load  was  found  to  be  80 
to  90  percent  of  the  peak  value,  with  the  transverse  load  at  its  peak  value 
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However,  the  magnitude  of  the  twisting  load  slowly  decreased  with  time. 
Further  application  of  twist  in  an  effort  to  increase  the  twisting  load 
resulted  in  a  temporary  increase  in  twisting  load  accompanied  by  a  large 
rotation  of  the  beam.  All  beams  tested  exhibited  appreciable  ductility. 

The  large  rotation  which  was  observed  at  failure  and  also  upon 
unloading  of  the  specimen  took  place  about  an  axis  located  in  different 
regions  of  the  beam  cross  section  in  different  beams.  The  beams  that  were 
subjected  to  a  low  value  of  0  at  failure  rotated  about  an  axis  in  the  vi¬ 
cinity  of  the  top  reinforcement.  The  beams  that  were  subjected  to  high 
values  of  0  and  were  provided  with  less  top  longitudinal  reinforcement 
than  bottom  rotated  about  an  axis  located  in  the  vicinity  of  the  bottom 
reinforcement.  The  location  of  the  axis  of  rotation  in  beams  tested  with 
an  intermediate  value  of  0  was  less  obvious  but  could  be  deduced  from  the 
shape  and  width  of  the  failure  cracks.  Several  specimens  appeared  to 
have  two  failure  planes,  each  involving  an  axis  of  rotation  on  a  different 
face  of  the  beam.  This  is  discussed  further  in  SECTION  4-3(d) . 

Failure  of  a  beam  was  accompanied  by  a  large  rotation  and  a 
widening  of  cracks  on  the  faces  of  the  beam  other  than  the  one  adjacent 
to  the  axis  of  rotation.  In  most  cases  the  cracks  which  widened  at  failure 
and  defined  the  failure  plane  were  cracks  which  had  first  appeared  at 
moments  considerably  lower  than  the  ultimate  moments.  These  cracks  were 
essentially  a  continuous  crack  which  spiralled  around  the  three  faces 
of  the  beam.  However,  failure  of  some  specimens  was  accompanied  by  the 
formation  of  new  cracks  that  joined  two  sets  of  previously  existing  spiral 
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cracks.  In  addition,  some  beams  appeared  to  have  a  failure  plane  de¬ 
fined  by  parts  of  two  sets  of  spiral  cracks  that,  on  the  surface  of  the 
beam,  were  not  joined.  FIGURE  4-4  shows  the  crack  pattern  of  Beam  5-3 
and  illustrates  this  type  of  failure  plane.  It  appeared  that  the  failure 
plane  in  this  beam  was  defined  on  the  north  face  of  the  beam  by  a  crack 

from  one  set  of  spiral  cracks,  on  the  south  face  of  the  beam  by  a  crack 

from  another  set,  and  on  the  bottom  face  by  a  combination  of  two  cracks. 
This  type  of  failure  surface  appeared  most  often  in  those  beams  tested 
with  a  bending  moment  gradient  within  the  gauge  length.  The  failure 
surface  appeared  to  be  crowded  to  one  end  of  the  gauge  length. 

Many  of  the  beams  that  were  tested  with  low  or  high  values  of 
0  and  had  an  axis  of  rotation  adjacent  to  the  top  or  bottom  surface  of 
the  beam  developed  a  "ZM  shaped  crack  at  failure.  This  crack  occurred 
on  the  face  adjacent  to  the  axis  of  rotation  and  connected  the  failure 
cracks  appearing  on  the  vertical  faces.  It  generally  did  not  form  on 
those  specimens  tested  with  an  intermediate  value  of  0  ,  or  on  those 

specimens  in  which  the  axis  of  rotation  appeared  to  be  located  adjacent 

to  one  of  the  vertical  faces. 

(c)  Reinforcement  Strains 

Strains  in  the  reinforcement  were  small  until  cracking  of  the 
concrete  occurred.  After  cracking  occurred,  the  strains  increased  at  a 
greater  rate  and  were  observed  to  be  dependent  on  the  amount  of  top 
longitudinal  reinforcement  and  on  the  value  of  0  .  The  beam  that  was 
tested  in  pure  torsion  and  was  provided  with  equal  top  and  bottom  rein¬ 
forcement  exhibited  tensile  strains  in  the  longitudinal  reinforcement  that 
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were  nearly  the  same  in  all  bars.  The  effect  of  decreasing  the  value  of 
0  for  beams  of  this  type  was  to  decrease  the  strain  in  the  top  bars  and 
to  increase  the  strain  in  the  bottom  bars.  For  those  beams  that  were 
tested  with  a  high  value  of  0  and  were  provided  with  less  top  reinforce¬ 
ment  than  bottom,  the  strain  in  the  top  reinforcement  at  failure  was 
tensile  and  exceeded  the  yield  strain.  The  strain  in  the  bottom  rein¬ 
forcement  was  tensile  but  was  less  than  the  yield  strain.  The  effect  of 
decreasing  the  value  of  0  was  to  increase  the  tensile  strain  that  existed 
in  the  bottom  reinforcement  when  the  beam  failed.  When  beams  of  this  type 
were  tested  at  low  values  of  0  ,  the  strain  in  the  top  reinforcement  at 
failure  was  compressive  whereas  the  strain  in  the  bottom  reinforcement  was 
tensile  and  exceeded  the  yield  strain. 

In  many  cases  the  failure  plane  did  not  cross  the  tie  which  was 
instrumented  and  when  it  did  cross  this  tie,  it  intersected  only  one  leg 
of  it.  Consequently,  it  was  difficult  to  establish  if  the  ties  intersecting 
the  failure  plane  yielded  at  failure.  One  further  difficulty  was  that  the 
equipment  used  for  reading  the  strain  was  not  of  the  continuous  recording 
type.  As  a  result,  no  strain  readings  could  be  obtained  when  failure 
occurred  during  application  of  the  load.  This  was  not  a  serious  disadvantage 
with  regard  to  the  longitudinal  reinforcement  since  either  the  top  or  bottom 
reinforcement  usually  yielded  several  load  increments  before  failure  occurred. 
However,  this  was  not  so  for  the  ties,  particularly  with  regard  to  the  top 
and  bottom  legs.  In  order  to  obtain  further  information,  one  gauge  was 
constantly  observed  during  load  application  in  the  latter  stages  of  the 
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test.  It  was  noted  that  if  the  failure  plane  crossed  the  leg  of  the  tie 
which  was  being  observed,  this  gauge  indicated  a  strain  larger  than  the 
yield  strain  at  the  time  the  moments  were  at  their  peak  values.  In  these 
cases  the  strain  in  this  particular  leg  of  the  tie  at  the  end  of  the  load 
increment  immediately  preceeding  failure  was  often  considerably  less  than 
the  yield  strain  but  immediately  before  failure  occurred,  the  strain  began 
to  increase  rapidly.  In  an  attempt  to  obtain  additional  information, 
readings  were  taken  in  many  of  the  tests  after  failure  had  occurred  and 
while  the  beam  was  still  supporting  loads  less  than  the  ultimate  values. 
The  strains  in  the  ties  are  discussed  further  in  SECTION  4-3(d) . 

(d)  Detailed  Observations 
(i)  Group  1 

The  beams  of  this  group  had  less  longitudinal  reinforcement 
at  the  top  than  at  the  bottom.  Except  for  Beam  1-2  they  were  tested 
such  that  for  each  beam  the  value  of  0  at  the  end  of  each  full  increment 
of  the  load  was  a  constant.  Within  the  gauge  length  the  twisting  moment 
and  the  bending  moment  were  constant. 

Beam  1-1:  This  beam  was  tested  in  pure  torsion  (0  = 00 ) .  At  failure,  ro¬ 
tation  occurred  about  an  axis  near  the  bottom  face.  The  failure  plane, 
which  was  well  defined,  did  not  cross  the  tie  which  was  instrumented.  The 
negative  deflection  of  the  beam  at  failure  was  pronounced. 

Beam  1-2:  At  the  end  of  the  first  increment  of  load,  the  twisting  moment 
was  twice  the  bending  moment.  For  all  subsequent  load  increments  the  in¬ 
crease  in  twisting  moment  applied  to  the  beam  was  four  times  as  large  as 
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the  increase  in  bending  moment.  Consequently,  the  value  of  0  varied  from 
2.0  at  the  end  of  the  first  increment  to  2.9  at  failure.  The  first  cracks 
on  this  specimen,  which  were  inclined  cracks  on  both  vertical  faces,  were 
observed  after  the  first  load  increment.  At  failure,  which  occurred  while 
the  twistmeters  were  being  read,  the  beam  rotated  about  an  axis  located 
near  the  bottom  face  of  the  beam.  The  failure  plane  did  not  intersect 
the  tie  which  was  instrumented. 

Beam  1-3:  The  value  of  0  at  which  this  specimen  was  tested  was  2.0. 

Failure  occurred  while  the  strain  gauges  were  being  read.  The  hinge,  or 
axis  of  rotation  at  failure,  was  located  near  the  bottom  of  the  beam. 

Beam  1-4:  This  beam  was  tested  at  0  equal  to  1.0  and  failed  immediately 
after  the  twisting  portion  of  the  last  increment  was  applied.  The  develop¬ 
ment  of  the  failure  plane  indicated  that  the  hinge  was  located  adjacent 
to  the  north  face.  However,  the  beam  had  a  second  failure  plane  which 
was  fairly  well  developed.  This  second  failure  plane  indicated  that  a 
hinge  had  begun  to  form  in  the  vicinity  of  the  top  face.  On  the  top  face 
there  was  a  fairly  well  defined  "Z"  shaped  crack.  Strain  readings  taken 
after  failure  but  while  the  beam  was  still  sustaining  load  indicated  strains 
larger  than  yield  strains  at  gauges  2,  3,  4,  5,’  7  and  8.  The  locations  of 
these  gauges  have  been  detailed  in  CHAPTER  III. 

Beam  1-5;  Testing  of  this  beam  was  carried  out  with  0  equal  to  0.5.  The 
axis  of  rotation  at  failure,  which  occurred  while  torsion  was  being  applied, 
was  located  near  the  top  surface  of  the  beam.  Considerable  spalling  of 


the  concrete  occurred  in  the  region  of  the  top  north  corner.  During  appli- 
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cation  of  the  last  increment  of  load,  the  strain  indicated  by  gauge  5 
was  observed  continually.  While  the  last  increment  of  twisting  was  being 
applied  the  strain  steadily  increased  and  when  failure  occurred  the  strain 
was  increasing  very  rapidly.  Readings  taken  subsequent  to  failure  indi¬ 
cated  strains  in  excess  of  yield  strains  at  gauges  3,  4,  5,  6,  and  8. 

Beam  1-6:  For  this  beam,  which  was  tested  at  0  equal  to  0.25,  the  axis 
of  rotation  at  failure  was  near  the  top  face  of  the  beam.  Failure  occurred 
during  reading  of  the  strain  gauges  and  considerable  spalling  of  the 
concrete  on  the  top  surface  of  the  beam  was  observed.  The  peak  values 
of  moments  were  held  throughout  a  considerable  rotation  of  the  beam  but 
eventually  could  not  be  maintained  as  the  rate  of  rotation  and  deflection 
began  to  increase  rapidly.  During  this  rotation,  the  strain  indicated 
by  gauge  5  was  observed  and  was  found  to  be  increasing  very  rapidly.  Sub¬ 
sequent  to  failure,  the  readings  of  gauges  3,  4,  5  and  6  indicated  tensile 
strains  larger  than  the  yield  strains;  gauge  1  indicated  compressive  strain 
larger  than  the  yield  strain.  At  failure,  numerous  cracks  that  had  not 
been  evident  previously  appeared  and  joined  cracks  that  had  existed  pre¬ 
viously.  The  failure  plane  was  defined  by  a  combination  of  these  new 
cracks  and  cracks  that  had  existed  before  failure.  The  crack  pattern  of 
this  beam  is  shown  in  FIGURE  4-5. 

(ii)  Group  2 

This  group  of  beams  was  subjected  to  uniform  bending  and  twisting 
moments  and  for  each  beam  0  was  a  constant  at  the  end  of  any  increment  of 
load.  The  beams  were  provided  with  top  longitudinal  reinforcement  that 
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FIGURE  4  -  5  CRACK  PATTERN  OF  BEAM  1  -  6 
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was  equal  to  the  bottom  reinforcement. 

Beam  2-1:  This  beam,  tested  in  pure  torsion,  failed  during  reading  of 
the  strain  gauges.  Since  wide  cracks  appeared  on  all  faces  at  failure 
it  was  difficult  to  define  the  failure  plane.  However,  the  widest  crack 
was  an  inclined  crack  on  the  south  face  that  also  extended  across  the  top 
and  bottom  faces.  Thus,  the  hinge  was  likely  located  adjacent  to  the 
north  face.  On  the  top  face  a  "Z"  shaped  crack  had  begun  to  form  indi¬ 
cating  that  a  hinge  was  beginning  to  form  on  this  face.  Readings  taken 
after  failure  indicated  strains  in  excess  of  yield  strains  at  all  gauges 
except  number  4.  The  crack  pattern  of  this  beam  is  shown  in  FIGURE  4-6. 
Beam  2-2:  Failure  of  this  beam  occurred  during  application  of  the  twisting 
portion  of  the  last  load  increment.  The  test  was  conducted  at  0  equal  to 
2.0.  The  failure  plane  was  difficult  to  define  and  appeared  to  be  com¬ 
posed  of  portions  of  two  sets  of  spiral  cracks.  However,  the  axis  of 
rotation  at  failure  was  located  in  the  vicinity  of  the  top  face  of  the 
beam.  Readings  taken  after  failure  indicated  strains  larger  than  yield 
strains  at  gauges  3,  5,  6  and  8. 

Beam  2-3:  The  value  of  0  at  which  this  beam  was  tested  was  1.0.  Failure, 
with  the  hinge  located  near  the  top  surface,  occurred  immediately  after 
application  of  the  twisting  portion  of  the  last  load  increment.  Strain 
readings  taken  after  failure  indicated  strains  larger  than  yield  strains 
at  gauges  3,  4,  5,  6  and  8. 

Beam  2-4:  This  beam  failed  soon  after  application  of  the  last  load  incre¬ 


ment  and  developed  a  hinge  in  the  vicinity  of  the  top  surface.  The  test 
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FIGURE  4  -  6  CRACK  PATTERN  OF  BEAM  2  -  1 
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was  performed  at  0  equal  to  0.5.  Readings  obtained  after  failure  from 
strain  gauges  3,  4  and  5  indicated  strains  larger  than  yield  strains. 

Beam  2-5:  The  testing  of  this  specimen  was  conducted  at  0  equal  to  0.25. 
Failure,  accompanied  by  rotation  about  a  hinge  near  the  top  surface  of 
the  beam,  occurred  after  application  of  the  last  load  increment  but  peak 
values  of  moments  were  maintained  throughout  considerable  rotation  of  the 
beam.  Readings  taken  subsequent  to  failure  indicated  strains  larger  than 
yield  strains  at  gauges  3,  4,  5  and  8. 

(iii)  Group  3 

The  sequence  of  loading  for  each  beam  of  this  group  is  described 
in  CHAPTER  III.  These  beams  had  less  top  longitudinal  reinforcement  than 
bottom  and  were  similar  to  Group  C  of  Pandit  (1965). 

Beam  3-1:  This  beam  was  tested  in  pure  torsion  and  at  failure  developed 
a  hinge  in  the  vicinity  of  the  bottom  reinforcement.  Deflection  of  this 
beam  was  not  measured. 

Beam  3-2:  The  value  of  0  at  failure  of  this  beam  was  1.05.  Although  the 
failure  plane  was  not  well  defined  and  large  cracks  existed  on  all  faces, 
the  failure  hinge  appeared  to  be  located  in  the  top  portion  of  the  beam. 
The  relationship  between  the  stresses  in  the  tie  that  was  instrumented 
and  the  sum  of  the  twisting  and  bending  moment  is  shown  in  FIGURE  4-7. 

The  sum  of  twisting  and  bending  moment  is  used  simply  for  convenience. 

Beam  3-3;  At  failure,  the  value  of  0  was  1.08  and  the  hinge  was  located 
adjacent  to  the  top  surface  of  the  beam. 

Beam  3-4;  The  value  of  0  at  failure  of  this  beam  was  0.61.  The  hinge  was 
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located  in  the  vicinity  of  the  top  face  and  some  spalling  of  the  concrete 
was  observed  on  this  face.  The  effect  of  the  bending  load,  which  was 
applied  after  the  twisting  load,  was  to  widen  the  cracks  that  had  first 
appeared  during  the  twisting  stage  of  the  test.  No  deflections  were 
measured  during  this  test. 

Beam  3-5:  The  hinge  that  developed  in  this  beam  at  failure  was  located 
near  the  top  surface  of  the  beam.  The  failure  value  of  0  was  0.28.  At 
failure,  pieces  of  concrete  on  the  top  face  of  the  beam,  particularly 
the  top,  south  corner,  broke  away  from  the  remainder  of  the  beam.  Since 
gauges  1  and  18  were  damaged  early  in  the  test,  no  useful  strain  readings 
were  obtained  from  them.  After  failure,  gauges  2  and  10  indicated  com¬ 
pressive  strains  larger  than  yield  strains  and  gauges  3,  4,  5,  6,  7,  8, 

11,  12,  16,  19  and  20  indicated  tensile  strains  larger  than  yield  strains. 
The  relationship  between  the  reinforcement  stresses  and  the  sum  of  the 
twisting  and  bending  moment  is  shown  in  FIGURES  4-8  and  4-9.  The  crack 
pattern  of  this  beam  is  shown  in  FIGURE  4-10. 

(iv)  Group  4 

The  details  of  the  reinforcement  of  these  beams  are  given  in 
CHAPTER  III.  A  plot  of  twisting  moment  versus  unit  angle  of  twist  for 
these  beams  and  Beams  3-4  and  1-5  is  presented  in  FIGURE  4-11.  The 
irregular  shape  of  this  relationship  for  Beam  3-4  is  due  to  the  different 
sequence  of  loading  to  which  this  beam  was  subjected. 

Beam  4-1:  This  beam  was  tested  at  0  equal  to  0.61  and  at  failure  de¬ 


veloped  a  hinge  adjacent  to  the  top  face.  Failure  occurred  during  appli- 
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FIGURE  4  -  10  CRACK  PATTERN  OF  BEAM  3  -  5 
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cation  of  the  twisting  portion  of  the  load  increment.  Strain  readings 
taken  subsequent  to  failure  indicated  strains  larger  than  yield  strains 
at  gauges  3  and  4. 

Beam  4-2:  The  failure  hinge  in  this  beam,  which  was  also  tested  at  0 
equal  to  0.61,  was  located  near  the  top  face  of  the  beam.  Failure  occurred 
immediately  after  the  twisting  portion  of  the  load  increment  was  applied. 
Strain  readings  taken  subsequent  to  failure  indicated  strains  larger  than 
yield  strains  at  gauges  3,  4,  7  and  8. 

Beam  4-3;  This  beam  was  tested  at  0  equal  to  0.61.  Failure  occurred 
immediately  after  application  of  the  twisting  portion  of  the  load  incre¬ 
ment.  The  axis  of  rotation  at  failure  was  located  near  the  top  face  of 
the  beam  but  the  width  of  cracks  suggested  that  a  hinge  was  about  to  form 
on  the  north  face.  Readings  taken  subsequent  to  failure  indicated  strains 
larger  than  yield  strains  at  gauges  3,  4,  6,  7  and  8. 

Beam  4-4:  This  test  was  conducted  at  0  equal  to  0.61.  At  failure,  which 
occurred  during  application  of  the  twisting  portion  of  the  load  increment, 
a  hinge  formed  adjacent  to  the  top  face  of  the  beam  but  the  width  of  cracks 
suggested  that  formation  of  a  hinge  on  the  north  face  was  imminent.  Strain 
gauges  3,  5  and  8,  when  read  after  failure,  indicated  strains  larger  than 
yield  strains.  Gauge  4  was  damaged  during  testing. 

Beam  4-5;  The  hinge  occurring  in  this  beam  at  failure  was  located  near 
the  top  face  of  the  beam.  The  value  of  0  at  which  this  beam  was  tested 
was  0.50.  Failure  occurred  during  application  of  the  bending  portion 


of  the  load  increment. 
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Beam  4-6:  This  beam  also  was  tested  at  0  equal  to  0.50  and  at  failure 
a  hinge  formed  in  the  vicinity  of  the  top  face.  Failure  occurred  while 
the  strain  gauges  were  being  read.  The  peak  moments  were  maintained 
throughout  a  large  rotation. 

(v)  Group  5 

The  beams  of  this  group,  which  were  reinforced  identically  to 
the  beams  of  Group  1,  were  loaded  using  a  single  concentrated  transverse 
load  in  addition  to  a  twisting  moment.  Consequently,  the  gauge  length 
was  subjected  to  a  constant  twisting  moment,  a  constant  shear  force,  and 
a  linearly  varying  bending  moment.  The  maximum  bending  moment  in  the 
gauge  length,  which  occurred  at  the  west  end  of  the  gauge  length,  was 
used  in  establishing  the  value  of  0  . 

Beam  5-1:  Failure  of  this  beam  occurred  during  application  of  twisting 
moment.  The  failure  hinge  was  near  the  bottom  face  of  the  beam  and  the 
failure  plane  was  in  the  east  portion  of  the  gauge  length.  The  value  of 
0  at  which  this  test  was  conducted  was  2.0. 

Beam  5-2:  The  value  of  0  at  which  this  test  was  conducted  was  1.0.  At 
failure,  which  occurred  during  application  of  twisting  moment,  a  hinge 
formed  near  the  north  face  of  the  beam.  However,  the  width  of  cracks  sug¬ 
gested  that  the  formation  of  a  hinge  near  the  bottom  face  was  imminent. 
Strain  readings  taken  subsequent  to  failure  indicated  strains  larger  than 
yield  strains  at  gauges  2,  3,  4,  5,  7  and  8. 

Beam  5-3:  This  beam  was  tested  at  0  equal  to  0.50  and  failed  during  appli¬ 


cation  of  twisting  moment.  The  hinge  that  developed  at  failure  was  located 
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in  the  vicinity  of  the  top  surface.  The  failure  plane  was  composed  of 
parts  of  two  sets  of  spiral  cracks  and  was  crowded  toward  the  west  end 
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of  the  gauge  length.  Subsequent  to  failure,  strain  gauges  3,  4,  5  and  8 
indicated  strains  larger  than  yield  strains. 

Beam  5-4:  The  value  of  0  at  which  this  beam  was  tested  was  0.25.  The 
hinge  that  formed  at  failure  was  located  near  the  top  face  of  the  beam; 
the  failure  surface  was  in  the  west  portion  of  the  gauge  length.  Failure 
of  this  beam  occurred  after  application  of  the  twisting  portion  of  the 
load  increment  and  was  accompanied  by  spalling  of  the  concrete  at  the  top 
face  of  the  beam.  The  peak  values  of  load  were  maintained  throughout 
a  very  large  rotation. 

(vi)  Group  6 

These  beams  were  reinforced  identically  to  the  beams  of  Group  5 
and  were  also  subjected  to  bending,  torsion  and  transverse  shear.  However, 
the  point  of  application  of  the  transverse  load  was  changed  in  order  to 
increase  the  shear  in  the  gauge  length. 

Beam  6-1:  At  failure,  which  occurred  during  application  of  twisting  moment, 
the  axis  of  rotation  was  near  the  bottom  surface  of  the  beam.  The  test  was 
conducted  at  0  equal  to  2.0.  The  failure  plane  was  located  in  the  east 
portion  of  the  gauge  length. 

Beam  6-2:  This  beam  was  tested  at  0  equal  to  1.0  and  failed  during  appli¬ 
cation  of  twisting  moment.  The  failure  surface  was  not  well  defined  but 
was  located  in  the  east  half  of  the  gauge  length.  The  failure  hinge  appeared 


to  be  located  near  the  bottom  face  but  some  aspects  of  the  crack  pattern 
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indicated  its  location  to  be  in  the  vicinity  of  the  north  side.  Readings 
after  failure  indicated  strains  larger  than  yield  strains  at  gauges  1, 

2  and  6 . 

Beam  6-3:  Failure  of  this  beam  occurred  during  application  of  twisting 
moment.  The  test  was  conducted  at  0  equal  to  0.50  and  at  failure  the 
peak  values  of  moments  were  maintained  through  a  large  rotation.  The 
failure  surface  was  located  in  the  west  portion  of  the  gauge  length;  the 
failure  hinge  was  near  the  top  surface  of  the  beam.  Subsequent  to  failure, 
strain  gauges  3,  4  and  5  indicated  strains  larger  than  yield  strains. 

Beam  6-4:  Failure  occurred  after  application  of  the  twisting  portion  of 
the  last  load  increment  but  peak  values  of  the  moments  were  maintained 
throughout  a  very  large  rotation.  The  value  of  0  for  this  test  was  0.25 
and  the  failure  surface  was  located  in  the  west  portion  of  the  gauge  length. 
Considerable  spalling  of  the  concrete  at  the  top  surface  of  the  beam  occurred. 
The  hinge  that  formed  at  failure  was  located  near  the  top  face  of  the  beam. 
Strain  readings  taken  after  failure  indicated  compressive  strain  larger 
than  the  yield  strain  at  gauge  1  and  tensile  strains  larger  than  the  yield 
strains  at  gauges  3,  4  and  5. 

(vii)  Gr oup  7 

In  comparison  to  the  beams  of  Groups  5  and  6,  the  beams  of  this 
group  had  larger  bottom  reinforcement  and  larger  spacing  of  ties.  The 
loading  arrangement  for  this  group  was  the  same  as  for  Group  6. 

Beam  7-1:  This  beam  was  tested  at  0  equal  to  2.0  and  failed  during  read¬ 


ing  of  the  deflection  gauges.  The  axis  of  rotation  at  failure  was  in  the 
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vicinity  of  the  bottom  face  of  the  beam.  The  failure  surface,  which  was 
composed  of  portions  of  two  sets  of  spiral  cracks,  was  crowded  toward 
the  east  end  of  the  gauge  length. 

Beam  7-2:  The  value  of  0  at  which  this  test  was  conducted  was  1.0  and 
failure  occurred  during  reading  of  the  strain  gauges.  The  failure  hinge 
formed  near  the  bottom  face  of  the  beam  and  the  failure  surface  was 
located  in  the  east  portion  of  the  gauge  length.  Strain  readings  taken 
after  failure  indicated  strains  larger  than  yield  strains  at  gauges  2 
and  8 . 

Beam  7-3:  The  failure  plane  was  crowded  toward  the  east  end  of  the  gauge 
length  and  the  hinge  was  located  near  the  bottom  face.  However,  the 
width  of  cracks  suggested  that  another  failure  plane  was  about  to  form 
in  the  central  portion  of  the  gauge  length.  This  failure  plane  would 
have  involved  a  hinge  near  the  north  face.  This  test  was  carried  out  at 
0  equal  to  0.50  and  failure  occurred  during  application  of  twisting  moment. 
Readings  obtained  after  failure  indicated  strains  larger  than  yield  strains 
at  gauges  2,  6,  7  and  8. 

Beam  7-4:  The  test  of  this  beam  was  carried  out  at  0  equal  to  0.25  and 
failure  occurred  during  application  of  twisting  moment.  The  failure 
surface  was  a  composite  of  several  sets  of  spiral  cracks  and  was  crowded 
to  the  west  end  of  the  gauge  length.  The  failure  hinge  was  located  near 
the  top  face  of  the  beam.  However,  similarly  to  Beam  7-3,  the  width  of 
cracks  suggested  that  another  failure  plane,  which  would  have  involved  a 
hinge  near  the  north  face,  was  about  to  form  in  the  central  portion  of  the 
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gauge  length.  Some  spalling  of  the  concrete  occurred  on  the  top,  north 
corner  of  the  beam.  Readings  obtained  after  failure  indicated  strains 
larger  than  yield  strains  at  gauges  3,  4,  7  and  8. 
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CHAPTER  V 


ANALYSIS  OF  ULTIMATE  STRENGTH  IN  COMBINED  LOADING 

5-1  Introduction 

The  assumptions  and  the  three  failure  surfaces  on  which  the 
analysis  is  based  are  presented  in  this  chapter.  For  each  failure 
surface  an  equation  for  the  torsional  strength  of  a  rectangular  rein¬ 
forced  concrete  beam  is  derived.  In  addition,  the  method  used  to  solve 
these  equations  is  presented. 

5-2  General  Remarks 

The  results  presented  in  CHAPTER  IV  and  in  Appendix  B  indicate 
that  the  specimens  exhibited  two  different  stages  of  behavior  during  a 
test.  Before  the  concrete  cracked,  the  relationship  between  torque  and 
twist  was  nearly  linear.  In  this  stage,  the  reinforcement  strains  were 
low  and  the  deflection  was  zero  or  slightly  positive.  After  cracking, 
the  slope  of  the  torque-twist  relationship  decreased  considerably  and 
this  relationship  often  became  curved.  The  strains  in  the  reinforcement 

increased  with  load  at  a  greater  rate  and  in  many  cases  the  deflection 

% 

became  more  pronounced.  After  cracking  occurred  the  specimen  appeared 
to  assume  a  new  configuration  of  equilibrium  which  was  dependent  mainly 
on  the  value  of  0  and  the  reinforcement  of  the  beam. 

When  failure  occurred,  cracks  on  three  faces  of  the  beam 
usually  widened  to  define  the  failure  plane.  The  cracks  on  two  of  these 
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faces  decreased  in  width  as  they  approached  the  fourth  face.  Although 
the  fourth  face  was  cracked,  these  cracks  did  not  widen  appreciably  at 
failure.  Rotation  of  the  beam  at  failure  occurred  about  an  axis  located 
near  this  face.  Consequently,  the  failure  plane  appeared  to  consist  of 
a  tension  zone  on  one  side  of  a  neutral  axis  and  a  compression  zone  on 
the  other  side,  with  the  neutral  axis  being  the  hinge  or  axis  of  rotation. 

A  "Z"  shaped  crack  often  developed  on  the  face  of  the  beam 
adjacent  to  the  hinge,  with  the  central  portion  of  the  "Z"  being  parallel 
to  the  longitudinal  axis  of  the  beam.  However,  this  is  not  sufficient 
justification  to  assume  that  the  hinge  was  parallel  to  the  axis  of  the 
beam.  Furthermore,  rotation  about  a  longitudinal  hinge  could  not  explain 
the  vertical  deflections  observed  at  failure.  It  is  important  that  any 
method  of  analysis  used  to  predict  the  ultimate  strength  of  beams  subjected 
to  combined  loading  be  valid  at  the  limiting  cases  of  pure  bending  and 
pure  torsion.  The  neutral  axis  of  a  beam  subjected  to  pure  bending  is 
perpendicular  to  the  axis  of  the  beam.  Adoption  of  an  inclined  hinge 
that  is  parallel  to  one  face  of  the  beam  but  which  is  inclined  to  the 
longitudinal  axis  of  the  beam  was  first  suggested  by  Lessig  (1959).  A 
smooth  transition  from  pure  bending  to  pure  torsion  is  obtained  when  this 
type  of  hinge  is  used.  The  angle  this  hinge  makes  with  the  longitudinal 
axis  is  a  function  of  0  and  the  properties  of  the  beam  and  is  discussed 
in  SECTION  5.4.  Lessig  denoted  failure  on  a  warped  plane  with  a  hinge 
near  the  top  face  of  the  beam  as  mode  1;  failure  on  a  warped  plane  with 
a  hinge  located  near  one  of  the  sides  was  denoted  as  mode  2.  This  de- 
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signation  will  be  followed  here,  but  in  addition,  failure  on  a  warped 
plane  with  a  hinge  located  near  the  bottom  face  will  be  denoted  as  mode  3. 

5-3  Assumptions  of  Analysis 

The  method  of  analysis  is  based  on  the  following  assumptions: 

(1)  Failure  occurs  on  a  warped  plane.  The  boundaries  of  the  warped 
plane  are  defined  on  three  sides  of  the  beam  by  a  spiral  crack 
and  on  the  fourth  side  by  a  rectangular  compression  zone  which 
joins  the  ends  of  the  spiral  crack. 

(2)  The  crack  defining  the  failure  plane  on  three  sides  of  the 
beam  is  composed  of  three  straight  lines  spiralling  around  the 
beam  at  a  constant  angle.  The  angle  between  these  cracks  and 
the  longitudinal  axis  of  the  beam  is  never  less  than  45°. 

(3)  The  concrete  outside  of  the  rectangular  compression  zone  is 
cracked  and  carries  no  tension. 

(4)  The  reinforcement  near  the  face  of  the  beam  on  which  the  com¬ 
pression  zone  is  located  is  neglected. 

(5)  No  local  loads  are  present  within  the  length  of  the  failure 
p lane. 

(6)  The  reinforcement  has  a  well  defined  yield  plateau.  All  rein¬ 
forcement  crossing  the  failure  plane  outside  of  the  compression 
zone  yields  at  failure. 

(7)  The  cross  sectional  area  of  transverse  reinforcement  inter¬ 
sected  by  the  failure  plane  is  constant  per  unit  length  of 


the  beam. 
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(8)  At  failure,  the  characteristics  of  the  concrete  in  the  com¬ 
pression  zone  are  known  and  the  concrete  reaches  its  strength 

in  flexural  compression. 

Assumptions  1  and  2  define  the  failure  plane.  The  three  lines 
composing  the  spiral  crack  are  assumed  to  be  straight  for  simplicity. 

The  assumption  that  these  cracks  do  not  make  an  angle  of  less  than  45° 
with  the  longitudinal  axis  of  the  beam  is  strongly  supported  by  the  tests 
of  Chinenkov  (1959),  Pandit  (1965)  and  this  investigation. 

The  third,  fourth  and  fifth  assumptions  are  introduced  to 
simplify  the  analysis. 

The  sixth  assumption  is  strongly  supported  by  the  tests  of 
Chinenkov  (1959),  Lyalin  (1959),  Yudin  (1964),  Evans  and  Sarkar  (1965) 
and  this  investigation.  However,  Lessig  (1961)  has  suggested  that  this 
assumption  is  true  only  within  a  specific  range  of  the  ratio  of  transverse 
to  longitudinal  reinforcement. 

The  seventh  assumption  is  an  idealization  which  is  introduced 
for  simplicity. 

The  eighth  assumption  is  true  only  for  pure  bending  i.e.  0  =  0. 
As  torsion  is  added  and  the  value  of  0  is  increased,  the  compression  zone 
is  subjected  to  stress  conditions  which  are  complex  and  which  are  further 
complicated  by  inclined  cracks  crossing  the  compression  zone.  This 
assumption  is  discussed  further  in  CHAPTER  VIII. 
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5-4  Failure  Surfaces 
(a)  Mode  1 

The  failure  surface  for  this  mode  of  failure  is  illustrated 
in  FIGURE  5-1.  Three  sides  of  the  failure  surface  are  defined  by  a  spiral 
crack  which  is  located  on  the  bottom  and  the  two  vertical  faces  of  the 
beam.  The  ends  of  this  spiral  crack  are  joined  by  a  compression  zone 
located  at  the  top  face  of  the  beam. 

The  notation  used  in  the  equations  which  follow  is: 
b  =  beam  width 

h  =  beam  depth 

=  length  of  the  compression  zone 

c^  =  length  of  the  warped  failure  plane  projected  on  the  longitudinal 
axis  of  the  beam 
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=  the  maximum  value  that  c^  can  have 

=  area  of  longitudinal  reinforcement  at  the  bottom  face  of  the  beam 
=  yield  stress  of  longitudinal  reinforcement 
=  area  of  one  leg  of  a  tie 
=  yield  stress  of  tie 
=  spacing  of  ties 

=  distance  from  bottom  face  of  beam  to  centroid  of  longitudinal 
reinforcement 

=  distance  from  bottom  face  of  beam  to  centroid  of  bottom  leg  of 
tie 

=  distance  from  vertical  face  of  beam  to  centroid  of  vertical  leg 


of  tie 
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FIGURE  5-  1  MODE  1  FAILURE  SURFACE 
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=  distance  from  top  face  of  the  beam  to  the  neutral  axis 
=  compressive  strength  of  concrete  determined  by  tests  on  6  x  12 
inch  concrete  cylinders 

=  the  ratio  between  the  length  of  the  failure  crack  on  the  bottom 
face  when  projected  on  the  longitudinal  axis  of  the  beam  and  the 
total  length  of  the  failure  plane  measured  parallel  to  the  longi¬ 
tudinal  axis 

=  ultimate  twisting  moment  of  the  beam  according  to  this  mode  of 
failure 

=  test  value  of  ultimate  twisting  moment  of  the  beam 
=  ultimate  bending  moment  of  the  beam  according  to  this  mode  of 
failure 

=  test  value  of  ultimate  bending  moment  of  the  beam 


A  rectangular  stress  block  in  the  concrete  compression  zone  is 
used.  A  concrete  stress  intensity  of  0.85  fc  is  assumed  to  be  uniformly 
distributed  over  an  equivalent  compression  zone.  This  zone  is  bounded 
by  the  edges  of  the  cross  section  and  a  straight  line  parallel  to  the 
neutral  axis  at  a  distance  equal  to  k^x^  from  the  top  face  of  the  beam. 
The  value  of  k^  is  defined  as  follows: 


For  fc  <.  4000  psi 
For  fc  >  4000  psi 


k  =  0.85 


k  =  0.85  -  0.05 


(f£  -  4000) 
1000 


From  equilibrium  of  internal  and  external  moments  about  an  axis 


parallel  to  the  neutral  axis  and  located  at  mid-depth  of  the  equivalent 
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compression  zone,  the  following  equation  is  obtained, 


M  =  A  f 
1 1  s  1  yl 


Z1  +  PiyiCl  ^bh 


J-  b 


1  +  1 


(5-1) 


where  z.  =  h.,  -  k,x_/2 

1  01  11 

hoi  =  h  •  al 

0  - 


f  a  h 
yt  v 


1  f  iS 

yl  s  1 


yl  k01  ^  alt  2 


klXl)  +  £  (1  -  k01)(l  -  km  -  4a^/b) 


01 


2t ' 


kQ1  =  b/(2h  +  b) 


The  external  moments  about  this  axis  are  the  components  of  twisting  moment 
and  bending  moment.  The  internal  moments  about  this  axis  are  the  moments 
of  the  forces  in  the  longitudinal  reinforcement,  the  bottom  leg  of  the 
ties  and  the  vertical  legs  of  the  ties.  Detailed  derivation  of  this  and 
subsequent  equations  is  presented  in  Appendix  C. 

From  equilibrium  of  forces  acting  perpendicular  to  the  plane 
which  contains  the  neutral  axis  and  is  perpendicular  to  the  top  face  of 
the  beam,  the  following  equation  is  obtained. 

plk01°l2 
A  f  ,(b  +  ^  ) 

sl  yl  h 

=  -  - — - - - 

0.85  k, f '  L 
1  c  1 
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(5-2) 
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To  determine  the  value  of  corresponding  to  the  minimum 
value  of  ^  ,  Equation  (5-1)  is  differentiated  with  respect  to  c^  , 
equated  to  zero  and  solved  for  c^  .  The  result  is: 


c 


1 


zih 

piyib 


1/2 


(5-3) 


Since  negative  values  of  c^  have  no  physical  significance  the  minimum 
value  of  c^  is  zero.  In  accordance  with  the  second  assumption  of 
SECTION  5-3  and  neglecting  the  depth  of  the  compression  zone,  the  maximum 
value  of  c^  is: 


c  =  2h  +  b  (5-4) 

mi 

To  solve  these  equations,  the  value  of  0  and  the  necessary 
properties  of  the  section  must  be  computed.  The  equations  may  then  be 
solved  by  an  iterative  procedure.  The  initial  value  of  x^  is  assumed 
to  be  zero  and  initial  values  of  z^  and  y^  are  computed.  The  value 
of  c^  can  then  be  computed  by  Equations  (5-3)  and  (5-4).  This  value  of 
c^  is  used  in  Equation  (5-2)  to  calculate  a  value  for  x^  .  The  cal¬ 
culated  value  of  x^  is  then  used  to  compute  new  values  of  z^  and  y^ 
and  the  procedure  is  repeated.  With  each  iteration  the  difference  between 
the  initial  and  the  computed  value  of  x^  decreases.  The  process  is  con¬ 
tinued  until  the  desired  degree  of  accuracy  is  obtained.  The  ultimate 
twisting  moment  is  then  calculated  using  Equation  (5-1). 
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(b)  Mode  2 

The  failure  surface  for  this  mode  of  failure  is  illustrated 
in  FIGURE  5-2.  Three  sides  of  the  failure  surface  are  defined  by  a 
spiral  crack  which  is  located  on  one  of  the  vertical  faces  of  the  beam 
and  the  two  horizontal  faces.  The  ends  of  this  spiral  crack  are  joined 
by  a  compression  zone  located  on  one  side  of  the  beam. 

The  notation  used  is  the  same  as  for  mode  1  with  the  following 


exceptions : 


=  length  of  the  compression  zone 


c^  =  length  of  the  warped  failure  plane  projected  on  the  longitudinal 
axis  of  the  beam 


the  maximum  value  that  c^  can  have 

area  of  longitudinal  reinforcement  at  the  vertical  face  of  the 
beam  opposite  to  the  face  on  which  the  compression  zone  is  located 
yield  stress  of  longitudinal  reinforcement 
a^  =  distance  from  vertical  face  of  beam  to  centroid  of  longitudinal 
reinforcement 

x^  =  distance  from  vertical  face  of  beam  on  which  compression  zone  is 
located  to  the  neutral  axis 


'm2 


s2 


y2 


02 


the  ratio  between  the  length  of  the  failure  crack  on  the  vertical 
face  when  projected  on  the  longitudinal  axis  of  the  beam  and  the 
total  length  of  the  failure  plane  measured  parallel  to  the  longitudinal 
axis 

M  =  ultimate  twisting  moment  of  the  beam  according  to  this  mode  of  failure 
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FIGURE  5- 2  MODE  2  FAILURE  SURFACE 
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V  =  the  theoretical  ultimate  transverse  shear  force 

V  =  test  value  of  the  ultimate  transverse  shear  force 


The  stress  block  in  the  compression  zone  is  considered  to  be 
the  same  as  for  mode  1.  The  transverse  shear  is  assumed  to  be  concentrated 
at  mid  width  of  the  beam. 

From  equilibrium  of  internal  and  external  moments  about  an 
axis  parallel  to  the  neutral  axis  and  at  a  distance  k^x^/2  from  the 
vertical  face  of  the  beam,  the  following  equation  is  obtained. 


A  9f  9h 

s2  y2 


z 2  +  P2^2C2 


1  +  6 


<5  k^ 


(5-5) 


where  z2  =  bQ2  -  k.^/2 


b02  =  b  a: 


k02(b  -  a2t 


k1X9  h  43 

-P>  +  (1  '  k02>  4  (1  -  k02  "  T 


It. 
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V  b 


2M 


t2 


kQ2  =  h/ (2b  +  h) 


From  equilibrium  of  forces  acting  perpendicular  to  the  plane  that 


contains  the  neutral  axis  and  is  perpendicular  to  the  vertical  face  of  the 
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beam  on  which  the  compression  zone  is  located,  the  following  equation 
is  obtained. 


A,  f  9 

x  =  _s2_  y2 
2 


h  + 


p2k02C2 


V  c , 


0.85  k  f 1  L  ' 
1  c  2 


(5-6) 


for  mode 


An  expression  for  c^  is  determined  in  the  same  manner  as 
1.  The  resulting  equation  is: 


h  z2  b 


P2y2 


1/2 


(5-7) 


The  maximum  value  that  c2  can  have  is: 

c  =  2b  +  h  (5-8) 

m2 

After  the  necessary  properties  of  the  section  and  the  value  of 
6  have  been  computed,  the  equations  can  be  solved  by  iteration.  Assuming 
that  x2  and  V  are  equal  to  zero,  and  y 2  are  computed.  Equations 

(5-7)  and  (5-8)  are  then  used  to  compute  c2  .  Using  this  value  of  c2  , 
Equation  (5-6)  is  used  to  determine  x2  after  which  new  values  of  z2 
and  y2  are  computed.  This  procedure  is  repeated  until  the  difference 
between  the  values  of  x2  computed  from  any  two  consecutive  iterations 
is  less  than  a  specified  value.  The  twisting  moment  is  then  computed  by 
Equation  (5-5)  and  is  used  to  compute  a  new  value  of  V  by  the  following 
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equation: 


2M 


1 2 


6 


V  = 


b 


(5-9) 


Again  assuming  to  be  zero  but  using  the  value  of  V  ob¬ 


tained  from  Equation  (5-9),  the  above  procedure  is  repeated  until  a  new 
value  of  V  is  obtained.  When  the  difference  between  the  values  of  V 
computed  from  any  two  consecutive  iterations  is  less  than  a  specified 


in  the  last  iteration  are  the  theoretical  ultimate  values  of  twisting 
moment  and  transverse  shear. 

(c)  Mode  3 

The  failure  surface  for  this  mode  of  failure  is  illustrated 
in  FIGURE  5-3.  Three  sides  of  the  failure  surface  are  defined  by  a 
spiral  crack  which  is  located  on  the  top  and  the  two  vertical  faces  of 
the  beam.  The  ends  of  this  spiral  crack  are  joined  by  a  compression  zone 
located  at  the  bottom  face  of  the  beam. 

The  notation  used  is  the  same  as  for  mode  1  with  the  following 
exceptions : 

=  length  of  the  compression  zone 

c^  =  length  of  the  warped  failure  plane  projected  on  the  longitudinal 
axis  of  the  beam 

c  _  =  the  maximum  value  that  c_  can  have 
m3  3 

A  ^  =  area  of  longitudinal  reinforcement  at  the  top  face  of  the  beam 
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FIGURE  5-3  MODE  3  FAILURE  SURFACE 
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f  2  =  yield  stress  of  the  longitudinal  reinforcement 

=  distance  from  top  face  of  the  beam  to  centroid  of  longitudinal 
reinforcement 

a^^  =  distance  from  top  face  of  beam  to  centroid  of  top  horizontal 
leg  of  tie 

=  distance  from  the  bottom  face  of  the  beam  to  the  neutral  axis 
=  the  ratio  between  the  length  of  the  failure  crack  on  the  top  face 
when  projected  on  the  longitudinal  axis  of  the  beam  and  the  total 
length  of  the  failure  plane  measured  parallel  to  the  longitudinal 
axis 

=  ultimate  twisting  moment  of  the  beam  according  to  this  mode  of 
fai lure 

=  ultimate  bending  moment  of  the  beam  according  to  this  mode  of 
fai lure 

The  stress  block  in  the  compression  zone  is  considered  to  be 
the  same  as  for  mode  1. 

From  equilibrium  of  internal  and  external  moments  about  an  axis 
parallel  to  the  neutral  axis  and  at  a  distance  k^x^/2  from  the  bottom 
face  of  the  beam,  the  following  equation  is  obtained. 


Mfl  =  A  f 
t3  s3  y3 


z3  +  P3y3c3  /bh 
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(5-10) 
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where  z  =  hQ3  -  k  x  /2 


h03  =  h  '  a3 


y3  =  kQ3  (h  -  a 


k  x  4  a 

“H>  +4  (1  -k03>  (1  -k03  -~b 


2t, 


f  _  a  h 
yt  v 

f  oA  o  s 

y3  s3 


0  -  M^/^3 


kQ3  =  b/(2h  +  b) 


From  equilibrium  of  forces  acting  perpendicular  to  the  plane 
which  contains  the  neutral  axis  and  is  perpendicular  to  the  bottom  face 


of  the  beam,  the  following  equation  is  obtained. 

2 


X3  ' 


A  3  f  3  (b  +  P^-03-Cl-) 

s  3  y3 _ h _ 

0.85  k.f'  L  2 
1  c  3 


(5-11) 


The  value  of  c^  for  which  is  a  minimum  is  given  by: 


C3  =  0  +  b 


1_  +  Z  3  h 
02  P3^3b 


1/2 


(5-12) 


The  maximum  value  that  c^  can  have  is: 


'm3 


2h  +  b 


(5-13) 
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After  the  necessary  properties  of  the  section  and  the  value 
of  0  have  been  computed,  the  equations  can  be  solved  by  an  iterative 
procedure  identical  to  that  used  for  mode  1. 

5 -5  Theoretical  Ultimate  Twisting  Moment 

The  iterative  procedure  that  was  used  to  calculate  , 

and  x^  was  continued  until  the  values  calculated  in  any  two  consecutive 
iterations  did  not  differ  by  an  amount  greater  than  0.001".  Similarly, 
the  iterative  procedure  for  mode  2  was  continued  until  the  values  of  V 
computed  in  any  two  successive  iterations  did  not  differ  by  an  amount 
greater  than  0.01  kip. 

Three  theoretical  ultimate  twisting  moments,  M  ,  M  and 
M  ,  are  obtained  for  each  beam  by  using  Equations  (5-1),  (5-5)  and 
(5-10).  The  theoretical  ultimate  twisting  moment  is  designated  as  M 
and  is  equal  to  the  smallest  of  the  three  values.  The  predicted  mode  of 
failure  is  designated  as  the  mode  that  yields  the  smallest  value  of 
theoretical  ultimate  twisting  moment. 
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CHAPTER  VI 

EVALUATION  OF  TEST  RESULTS 


6-1  Introduction 

This  chapter  compares  the  experimental  results  presented  in 
CHAPTER  IV  with  the  theory  presented  in  CHAPTER  V.  Bending  moment  versus 
twisting  moment  interaction  diagrams  based  on  the  equations  in  CHAPTER  V 
are  presented.  The  failure  values  of  twisting  moment  and  bending  moment 
are  also  shown  on  the  interaction  diagrams.  Part  of  an  interaction 
surface  for  bending  moment,  twisting  moment  and  shear  force  is  also  pre¬ 
sented  . 

The  correlation  between  the  experimental  results  of  109  beams 
and  the  theory  presented  in  CHAPTER  V  is  presented  in  TABLES  6-1  to  6-7. 

Of  these  beams,  34  were  tested  in  this  investigation  and  75  were  tested 
by  other  investigators. 

6-2  Beams  Tested  in  Combined  Bending  and  Torsion 

(a)  Effect  of  Top  Reinforcement 

The  beams  of  Groups  1  and  2  were  similar  in  all  respects  except 
for  the  size  of  the  top  longitudinal  reinforcement.  The  top  reinforcement 
for  beams  of  Group  1  consisted  of  2#3  bars  whereas  for  beams  of  Group  2 
this  reinforcement  was  2#6 .  The  bottom  longitudinal  reinforcement  for 
both  groups  was  2#6 . 
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The  twisting  moment  versus  bending  moment  interaction  diagrams 
for  the  beams  of  Groups  1  and  2  are  shown  in  FIGURE  6-1.  The  lines 
labeled  mode  1,  mode  2  and  mode  3  were  obtained  by  solving  Equations 
(5-1),  (5-5)  and  (5-10)  respectively  for  values  of  0  ranging  from  0 
(pure  bending)  to  °o  (pure  torsion) .  The  material  and  geometrical 
properties  of  the  beam  used  in  solution  of  these  equations  are  the 
average  values  for  the  group.  The  failure  values  of  twisting  moment 
and  bending  moment  are  also  shown. 

(b)  Sequence  of  Loading 

The  beams  of  Group  3  were  similar  to  Group  C  tested  by  Pandit 
(1965).  Pandit's  beams  were  tested  by  first  applying  the  transverse  load 
and  then  twisting  the  beam  to  failure.  The  beams  of  Group  3  were  tested 
under  various  sequences  of  loading.  The  loading  paths  for  these  beams 
and  the  failure  values  of  twisting  moment  and  bending  moment  are  shown 
in  FIGURE  6-2. 

The  interaction  diagram  obtained  from  Equations  (5-1),  (5-5) 
and  (5-10)  is  shown  in  FIGURE  6-2.  The  properties  of  the  beam  used  in 
solution  of  these  equations  are  the  average  values  for  the  nine  beams 
considered . 

(c)  Effect  of  Stirrup  Spacing 
(i)  General  Remarks 

Assumption  five  of  SECTION  5-3  states  that  the  cross  section  of 
transverse  reinforcement  per  unit  length  of  the  beam  is  constant  over  any 
section  of  its  length.  Since  this  assumption  is  an  idealization  in  that 
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(a)  GROUP  1 


(b)  GROUP  2 

FIGURE  6  -  1  INTERACTION  DIAGRAMS  FOR  BEAMS  OF 

GROUPS  1  AND  2 
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the  cross  section  of  transverse  reinforcement  is  concentrated  at  the  tie 
locations,  Lessig  (1959)  suggested  that  a  correction  coefficient  be  applied 
to  the  area  of  transverse  reinforcement.  The  value  suggested  for  this 
correction  coefficient  or  efficiency  factor  was  0.7  or  0.8.  To  compensate 
for  the  transverse  reinforcement  being  concentrated  at  the  tie  locations, 
Pandit  (1965)  assumed  that  the  ties  that  are  effective  in  resisting  torsion 
are  the  least  number  which  are  crossed  by  a  potential  crack  making  an  angle 
of  45°  with  the  longitudinal  axis  of  the  beam. 

(ii)  Beams  With  Similar  Longitudinal  Reinforcement 

Beams  4-1,  4-2,  4-3,  and  4-4  were  similar  in  all  respects  except 
the  spacing  of  ties.  The  tie  spacing  of  Beams  4-1  to  4-4  was  3,  6,  7  1/2 
and  9  inches  respectively.  The  tie  spacing  of  Beam  3-4  was  4  1/2  inches. 
All  beams  except  Beam  3-4  were  tested  with  0  equal  to  0.61.  The  loading 
sequence  for  Beam  3-4  is  indicated  in  FIGURE  6-2.  The  value  of  0  at 
failure  for  this  beam  was  0.61. 

The  interaction  diagrams  obtained  from  Equations  (5-1),  (5-5) 
and  (5-10)  for  each  of  these  beams  are  shown  in  FIGURE  6-3(a).  In  these 
equations,  the  total  area  of  transverse  reinforcement  has  been  considered 
effective  in  resisting  the  twisting  moment.  The  failure  values  of  twist¬ 
ing  moment  and  bending  moment  are  also  shown. 

The  ratio  of  the  experimental  value  of  twisting  moment  to  the 
theoretical  value  of  twisting  moment  for  each  beam  is  plotted  as  a  function 
of  tie  spacing  in  FIGURE  6-4(a). 
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(a)  SIMILAR  LONGITUDINAL  REINFORCEMENT  AND 
DIFFERENT  TIE  SPACING 


(b)  DIFFERENT  BOTTOM  LONGITUDINAL  REINFORCEMENT 

AND  DIFFERENT  TIE  SPACING 


FIGURE  6-3  INTERACTION  DIAGRAMS  FOR  BEAMS  WITH 

DIFFERENT  REINFORCEMENT 
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( i i i )  Beams  With  Different  Longitudinal  Reinforcement 

Beams  4-5  and  4-6  of  Group  4  and  Beam  1-5  of  Group  1  were  similar 
in  all  respects  except  for  the  spacing  of  ties  and  the  size  of  bottom 
reinforcement.  The  tie  spacing  and  bottom  reinforcement  was  designed  to 
make  the  quantity  p^  a  constant  for  the  three  beams.  All  three  beams 
were  tested  with  0  equal  to  0.50. 

The  interaction  diagrams  obtained  from  Equations  (5-1),  (5-5) 
and  (5-10)  for  each  of  these  beams  are  shown  in  FIGURE  6-3(b).  The 
failure  values  of  twisting  moment  and  bending  moment  are  also  shown. 

FIGURE  6-4(b)  shows  the  ratio  of  the  experimental  value  of  twisting 
moment  to  the  theoretical  value  of  twisting  moment  for  each  beam  plotted 
as  a  function  of  tie  spacing. 

6-3  Beams  Tested  in  Combined  Bending,  Torsion  and  Shear 

(a)  Effect  of  Variable  Bending  Moment  Within  the  Gauge  Length 

In  deriving  Equations  (5-1)  and  (5-10)  the  assumption  was  made 
that  the  ratio  of  twisting  moment  to  bending  moment,  0  ,  was  known.  This 
ratio  is  constant  over  the  gauge  length  of  a  beam  subjected  to  bending  and 
torsion  with  no  transverse  shear.  However,  when  transverse  shear  is 
present  the  bending  moment  and  consequently  0  are  variable. 

An  examination  of  Equation  (5-1)  reveals  that  the  minimum  value 
of  M  is  obtained  for  the  minimum  value  of  0  within  the  gauge  length. 

In  a  beam  subjected  to  a  constant  torsional  moment  and  a  linearly  varying 
bending  moment,  the  minimum  value  of  0  within  the  gauge  length  occurs 
at  the  cross  section  subjected  to  the  maximum  bending  moment.  For  the  beams 
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of  Groups  5,  6  and  7  this  cross  section  was  located  at  the  west  end  of 
the  gauge  length. 

However,  this  presupposes  that  failure  occurs  at  one  cross 
section  of  the  beam.  According  to  FIGURE  5-1,  a  mode  1  failure  occurs 
on  a  warped  plane  extending  over  a  length  of  beam  that  is  equal  to  c^  . 
The  extra  reinforcement  provided  outside  of  the  gauge  length  forced 
the  failure  plane  to  form  within  the  gauge  length.  Consequently,  it 
would  seem  that  the  failure  plane  should  occur  over  a  length  of  beam 
equal  to  c^  that  is  located  adjacent  to  the  end  of  the  gauge  length 
subjected  to  the  maximum  bending  moment.  If  this  is  true,  the  value 
of  0  which  should  be  used  in  Equation  (5-1)  is  the  value  at  a  cross 
section  located  a  distance  0^/2  from  the  west  end  of  the  gauge  length. 
This  would  be  the  same  as  using  the  average  bending  moment  over  the 
length  of  the  warped  failure  plane  to  compute  the  value  of  0  to  be 
used  in  Equation  (5-1). 

In  the  beams  of  Groups  5,  6  and  7  that  failed  according  to  mode 
1,  the  failure  surface  did  occur  within  the  region  of  the  gauge  length 
subjected  to  the  highest  bending  moment.  The  failure  surface  appeared 
to  be  crowded  toward  the  end  of  the  gauge  length  and  is  illustrated  by 
FIGURE  6-5(a).  The  failure  surface  in  many  of  these  beams  appeared  to 
be  defined  by  two  sets  of  spiral  cracks.  One  of  these  sets  contained 
a  crack  on  the  south  face  which  originated  at  the  top  of  the  beam  at 
the  west  end  of  the  gauge  length.  This  crack  progressed  down  the  south 
face  at  an  angle  and  continued  across  the  bottom  face.  The  other  set 
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(a)  BEAM  6- 4 


(b)  BEAM  6-1 


FIGURE  6-5  CRACK  PATTERN  OF  BEAMS  6  -  4  AND  6  -  1 
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of  spiral  cracks  originated  on  the  bottom  face  of  the  beam  at  the  west  end 
of  the  gauge  length  and  continued  up  the  north  face.  For  a  mode  1  failure 
the  reinforcement  adjacent  to  the  bottom  face  of  the  beam  contributes 
the  major  portion  of  the  resisting  moment.  For  this  reason,  there  may 
be  justification  for  considering  the  critical  section  to  be  located  a 
distance  equal  to  ^oiCl^  from  the  cross  section  within  the  gauge 
length  that  is  subjected  to  the  maximum  bending  moment  rather  than  c^/2 
as  stated  previously. 

Equation  (5-5),  which  gives  the  ultimate  twisting  moment  cor¬ 
responding  to  a  mode  2  failure,  does  not  contain  the  term  0  .  Con¬ 
sequently,  a  linearly  varying  bending  moment  within  the  gauge  length 
does  not  affect  the  location  of  the  failure  surface. 

An  examination  of  Equation  (5-10)  reveals  that  the  minimum 
value  of  is  obtained  for  the  maximum  value  of  0  within  the  gauge 

length.  The  maximum  value  of  0  within  the  gauge  length  occurs  at  the 
cross  section  subjected  to  the  minimum  bending  moment.  For  the  beams 
of  Groups  5,  6  and  7  this  cross  section  was  located  at  the  east  end  of 
the  gauge  length.  Consequently,  the  warped  failure  plane  for  a  mode  3 
failure  should  form  over  a  length  of  the  beam  equal  to  c^  ,  measured 
from  the  east  boundary  of  the  gauge  length.  In  the  beams  of  Groups  5, 

6  and  7  that  failed  according  to  mode  3,  the  failure  surface  was  located 
in  the  east  portion  of  the  gauge  length.  However,  there  was  a  tendency 
for  this  failure  surface  to  crowd  to  the  east  extremity  of  the  gauge  length. 
This  is  illustrated  by  FIGURE  6-5(b).  As  a  result,  there  may  be  justification 
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for  considering  the  critical  section  to  be  located  a  distance  equal  to 
^03C3^  instead  of  c^/2  from  the  cross  section  within  the  gauge  length 
that  is  subjected  to  the  minimum  bending  moment. 

(b)  Solution  of  Equations  When  the  Bending  Moment  Varies 

For  beams  having  a  varying  bending  moment  in  their  gauge  length 
the  value  of  0  to  be  used  in  Equations  (5-1)  and  (5-10)  can  not  be 
established  until  c^  and  c^  are  known  but  c^  and  c^  are  in  turn 
functions  of  0  .  Consequently,  an  iterative  procedure  was  used  to 
solve  Equations  (5-1)  and  (5-10).  The  value  of  0  was  first  computed 
using  the  experimental  value  of  twisting  moment  and  the  bending  moment 
at  the  west  end  of  the  gauge  length.  Using  this  value  of  0  ,  the  values 

of  c^  and  c^  were  computed.  With  these  values  of  c^  and  c^  a 

critical  section  for  a  mode  1  failure  and  another  critical  section  for 
a  mode  3  failure  were  established.  Next,  the  bending  moment  at  each  of 
these  critical  sections  was  calculated.  Using  these  bending  moments, 
a  new  value  of  0  was  calculated  for  each  critical  section  and  the 

process  was  repeated.  This  procedure  was  continued  for  each  of  the 

critical  sections  until  the  difference  between  the  values  of  0  com¬ 
puted  in  two  consecutive  iterations  was  less  than  one  tenth  of  one 
percent  of  0  . 

(c)  Effect  of  Transverse  Shear 
(i)  Comparison  of  Groups  1,  5  and  6 

The  beams  of  Groups  1,  5  and  6  were  similar  in  all  respects. 

The  beams  of  Group  1  were  subjected  to  a  uniform  twisting  moment  and  a 
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uniform  bending  moment  over  their  gauge  length.  However,  the  beams  of 
Groups  5  and  6  were  tested  with  a  single  transverse  load  in  addition 
to  the  twisting  moment.  Consequently,  the  beams  of  these  groups  were 
subjected  to  a  uniform  twisting  moment,  a  linearly  varying  bending 
moment,  and  a  uniform  transverse  shear.  The  magnitude  of  the  trans¬ 
verse  shear  in  any  beam  of  Group  6  is  approximately  twice  that  of  the 
corresponding  beam  of  Group  5. 

The  interaction  diagram  for  the  beams  of  Group  1  is  shown  in 
FIGURE  6-l(a) .  The  interaction  diagrams  for  the  beams  of  Groups  5  and 
6  are  shown  in  FIGURE  6-6.  The  lines  labeled  mode  1,  mode  2  and  mode  3 
were  obtained  by  solving  Equations  (5-1),  (5-5)  and  (5-10)  for  various 
values  of  0  .  The  properties  of  the  beam  used  in  solution  of  these 
equations  are  the  average  values  for  the  group.  Comparison  of  FIGURES 
6-l(a),  6-6(a)  and  6-6(b)  shows  that  the  curves  corresponding  to  mode  1 
and  mode  3  are  the  same  for  the  three  interaction  diagrams.  The  reason 
for  this  is  that  the  transverse  shear  does  not  enter  into  Equations 
(5-1)  or  (5-10).  However,  the  curve  corresponding  to  mode  2,  which  was 
a  horizontal  line  in  FIGURE  6-l(a),  is  no  longer  horizontal  in  FIGURES 
6-6(a)  and  6-6(b) .  This  is  because  the  transverse  shear  does  enter  into 
Equation  (5-5) . 

Two  sets  of  failure  values  of  twisting  moment  and  bending  moment 
for  each  beam  have  been  plotted  in  FIGURE  6-6.  One  set  of  values  represents 
the  assumption  that  the  critical  section  for  a  mode  1  or  mode  3  failure 
occurs  at  a  distance  of  c^/2  or  c^/2  from  the  appropriate  end  of  the 
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gauge  length  and  the  other  set  of  values  represents  the  assumption  that 
the  critical  section  for  a  mode  1  or  mode  3  failure  occurs  at  a  distance 
of  kQ^c^/2  or  from  the  appropriate  end  of  the  gauge  length. 

When  the  critical  section  is  assumed  to  be  at  a  distance 
kQici/2  or  from  the  appropriate  end  of  the  gauge  length,  the 

predicted  mode  of  failure  for  all  beams  of  Groups  5  and  6  is  either 
mode  1  or  3.  When  the  critical  section  is  assumed  to  be  at  a  distance 
c^/2  or  c^/2  ^rom  t^e  appropriate  end  of  the  gauge  length,  the  pre¬ 
dicted  mode  of  failure  for  Beam  5-2  becomes  mode  2.  This  mode  of  failure 
is  independent  of  the  bending  moment  and  consequently,  the  failure  values 
of  twisting  moment  and  bending  moment  are  no  longer  represented  on  the 
interaction  diagram  by  a  point  but  by  a  horizontal  line.  The  theoretical 
value  of  twisting  moment  calculated  by  Equation  (5-5)  for  this  beam  is 
shown  on  the  interaction  diagram  and  is  also  a  horizontal  line.  This 
line  does  not  correspond  to  the  line  labeled  mode  2  in  FIGURE  6-6(a) 
because  they  are  not  in  the  same  plane.  This  is  further  explained  in 
SECTION  6-3(d) . 

(ii)  Group  7 

The  beams  of  this  group  were  tested  under  the  same  loading  condi¬ 
tions  as  the  beams  of  Group  6.  However,  in  an  effort  to  increase  the  ratio 
between  the  transverse  shear  force  in  the  beam  at  failure  and  the  ultimate 
transverse  shear  force  which  would  be  expected  if  the  beam  were  not  sub¬ 
jected  to  torsional  moment,  the  size  of  the  bottom  longitudinal  bars  and 
the  tie  spacing  were  increased.  This  objective  was  only  partially  achieved 
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since  three  of  the  beams  of  this  group  failed  according  to  the  mode  3 
failure  surface  at  relatively  low  bending  moments.  Consequently,  the 
transverse  shear  in  the  section  at  failure  was  also  relatively  low. 

The  interaction  diagram  for  the  beams  of  this  group  is  shown 
in  FIGURE  6-7.  The  lines  labeled  mode  1,  mode  2  and  mode  3  were  obtained 
by  solving  Equations  (5-1),  (5-5)  and  (5-10)  for  various  values  of  0  . 

The  properties  of  the  beam  used  in  solution  of  these  equations  are  the 
average  values  for  the  group. 

Two  sets  of  failure  values  of  twisting  moment  and  bending 
moment  for  each  beam  are  plotted  in  FIGURE  6-7.  One  set  of  values  re¬ 
presents  the  assumption  that  the  critical  section  for  a  mode  1  or  mode  3 
failure  occurs  at  a  distance  c^/2  or  c ^/2  from  the  appropriate  end 
of  the  gauge  length  and  the  other  set  of  values  represents  the  assumption 
that  the  critical  section  occurs  at  a  distance  of  or 

from  the  appropriate  end  of  the  gauge  length. 

Changing  the  location  of  the  assumed  critical  section  does  not 
change  the  predicted  mode  of  failure  for  Beams  7-1  and  7-2  but  does  change 
the  predicted  mode  of  failure  for  Beam  7-3  from  mode  3  to  mode  2  and  for 
Beam  7-4  from  mode  1  to  mode  2.  Consequently,  for  Beams  7-3  and  7-4 
the  failure  values  and  the  theoretical  values  of  twisting  moment  and 
bending  moment  corresponding  to  a  critical  section  assumed  to  be  c^/2 
or  c^/2  from  the  appropriate  end  of  the  gauge  length  are  represented 
on  the  interaction  diagram  by  horizontal  lines.  The  lines  representing 
the  theoretical  values  of  twisting  moment  and  bending  moment  do  not 
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FIGURE  6  -  7  INTERACTION  DIAGRAM  FOR  BEAMS  OF 

GROUP  7 
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correspond  to  the  line  labeled  mode  2  in  FIGURE  6-7  because  they  are  not 
in  the  same  plane.  This  is  explained  in  SECTION  6-3(d). 

(d)  Interaction  Surface  for  Bending,  Torsion  and  Shear 

Part  of  a  typical  interaction  surface  for  a  beam  subjected  to 
bending,  torsion  and  shear  is  shown  in  FIGURE  6-8.  This  surface  is  com¬ 
posed  of  three  segments  which  have  been  labeled  mode  1,  mode  2  and  mode  3. 

The  mode  1  and  the  mode  3  segments  are  single  curvature  surfaces  whereas 
the  mode  2  segment  is  a  plane  that  slopes  downward  in  the  direction  of 
the  shear  axis.  A  level  line  in  this  plane  is  parallel  to  the  bending 
moment  axis.  This  interaction  surface  is  intended  to  be  valid  only  within 
the  range  of  transverse  shear  force  considered  in  this  investigation  and 
consequently  is  incomplete.  The  upper  limit  of  the  transverse  shear  force 
for  which  it  is  valid  is  discussed  in  CHAPTER  VIII. 

In  the  tests  of  Groups  5,  6  and  7,  the  bending  moment  at  any 
particular  cross  section  of  a  beam  was  a  function  of  the  transverse  shear 
and  since  any  one  test  was  conducted  at  a  constant  value  of  0  ,  the 
twisting  moment  was  also  a  function  of  the  transverse  shear.  Consequently, 
the  locus  of  points  representing  the  twisting  moment,  bending  moment  and 
transverse  shear  at  a  cross  section  of  the  beam  from  the  beginning  of  the 
test  to  failure  is  a  straight  line  contained  in  a  plane  such  as  plane  0, 

1,  2,  3  shown  in  FIGURE  6-8.  An  interaction  diagram  of  the  type  shown 
in  FIGURES  6-6  and  6-7  is  obtained  by  first  obtaining  the  lines  of  inter¬ 
section  between  a  plane  such  as  0,  1,  2,  3  and  the  interaction  surface. 

These  lines  of  intersection  are  then  projected  on  the  twisting  moment -bending 
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moment  plane.  The  shape  of  the  interaction  diagram  depends  on  the  value 
of  ip  =  V  /M^  .  The  interaction  diagrams  shown  in  FIGURES  6-1,  6-2  and 
6-3  correspond  to  a  value  of  ^  equal  to  zero. 

The  beams  of  Groups  5,  6  and  7  were  subjected  to  a  constant 
twisting  moment,  a  constant  shear  force  and  a  linearly  varying  bending 
moment.  Consequently,  at  any  particular  stage  of  a  test  the  twisting 
moment,  bending  moment  and  shear  force  at  all  cross  sections  within  the 
gauge  length  are  represented  by  points  in  a  plane  such  as  plane  2,  3, 

4,  5,  shown  in  FIGURE  6-8.  The  twisting  moment  and  transverse  shear 
force  are  the  same  for  all  cross  sections  within  the  gauge  length  but 
the  bending  moment  at  each  cross  section  is  different.  Consequently, 
changing  the  location  of  the  cross  section  that  is  being  considered  causes 
the  point  representing  the  twisting  moment,  bending  moment  and  transverse 
shear  to  move  in  a  direction  perpendicular  to  the  shear -twisting  moment 
p lane . 

6-4  Over  Reinforced  Beams 

Assumption  four  of  SECTION  5-3  states  that  all  reinforcing  bars 
which  cross  the  failure  plane  outside  of  the  compression  zone  yield  at  failure. 
If  the  amount  of  longitudinal  and  transverse  reinforcement  in  a  beam  is 
increased  sufficiently,  the  concrete  in  the  compression  zone  will  fail 
before  the  tension  reinforcement  yields.  A  beam  such  as  this  is  said  to 
be  over  reinforced. 

Lessig  (1961),  on  the  basis  of  test  results,  derived  two  equations 
to  be  used  to  determine  if  the  concrete  in  the  compression  zone  will  fail 
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before  the  tension  reinforcement  yields.  The  first  of  these  equations 
establishes  a  maximum  value  for  x^  and,  according  to  Lessig,  is  valid 
for  0<O.2.  This  equation  states  that  if  a  beam  is  not  over  reinforced, 


x  ^  h 
Xl“  01 


55 


0.7(0)  1/2J 


(6-1) 


Lessig  states  that  the  second  of  these  equations  is  valid  for  0>O.2. 
This  equation  is: 


M  =0.07  b2h(0.85k1f ' ) 
tr  1  c 

M  =  0.06  b2hk. f '  (6-2) 

tr  1  c 

where  M  is  equal  to  the  maximum  torsional  moment  that  can  be  resisted 
tr 

by  a  beam  that  fails  due  to  crushing  of  the  concrete  before  the  reinforcement 
yields . 

6 -5  Ratio  of  Transverse  to  Longitudinal  Reinforcement 

Assumption  four  of  SECTION  5-3  states  that  all  reinforcing  bars 
crossing  the  failure  plane  outside  of  the  compression  zone  yield  at  failure. 
It  is  possible  that  at  failure  only  the  longitudinal  or  only  the  trans¬ 
verse  reinforcement  yields,  but  not  both.  To  ensure  that  the  assumption 
that  both  types  of  reinforcement  yield  is  not  violated,  it  is  necessary 
to  restrict  the  ratio  between  the  transverse  and  the  longitudinal  rein- 
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forcement  within  certain  limits. 

Lessig  (1961)  defined  the  optimum  ratio  between  transverse 
and  longitudinal  reinforcement  as  the  ratio  that  makes  the  product  of  the 
volume  of  reinforcement  per  unit  length  of  beam  and  the  yield  stress  of 
the  reinforcement  a  minimum.  For  a  mode  1  failure  the  following  equation 
was  proposed. 


m 


01 


i+k  b 


0  2h  +  b 


1/2 


(6-3) 


where  m^  =  optimum  value  of  m^ 
ml  =  plb/^ 

For  a  mode  2  failure  the  following  equation  was  proposed. 


(6-4) 


where  m^  =  optimum  value  of  m^ 
m2  =  p2h^b 

The  corresponding  equation  derived  on  the  basis  of  a  mode  3  failure  is: 


=  _ 1 _ 

m03  -  2,  b  v 1/2 

"  <T2h  +  b; 


where 


optimum  value  of 


m. 


(6-5) 


=  p^b/h 
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On  the  basis  of  experimental  evidence,  Lessig  recommended  that 
the  following  limits  be  imposed  on  the  values  of  m^  and  m^  . 

0.5  nig.^  ^_m^  £.1.5  m^ ^  (6-6) 

0.5  m02— m2— 1,5  mQ2  (6-7) 

Since  Lessig  did  not  consider  a  mode  3  failure,  no  limits  on  m^  were 
suggested. 

6-6  Correlation  of  Test  Results 

(a)  Beams  Tested  in  this  Investigation 

The  theoretical  and  experimental  results  for  the  34  beams  of 
this  investigation  are  presented  in  TABLES  6-1  and  6-2.  TABLE  6-1  contains 
the  beams  tested  in  combined  bending  and  torsion  and  TABLE  6-2  contains 
the  beams  tested  in  combined  bending,  torsion  and  shear. 

The  value  of  x  listed  in  these  tables  is  the  value  of  x^  ,  x2  , 
or  x^  corresponding  to  the  predicted  mode  of  failure.  That  is,  if  the 
predicted  failure  is  mode  2,  x  is  taken  equal  to  x2  .  Similarly,  the 
value  of  m  is  taken  equal  to  m^  ,  m2  or  m^  and  the  value  of  m^  is 
taken  equal  to  m^  ,  m^2  or  m^  for  a  predicted  mode  1,  mode  2  or  mode  3 
failure  respectively.  When  two  observed  modes  of  failure  are  listed,  the 
first  one  listed  is  the  one  that  was  predominant.  These  observations  are 
presented  in  CHAPTER  IV. 

The  value  of  M,  listed  in  TABLE  6-2  is  the  bending  moment 
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at  the  west  end  of  the  gauge  length  and  is  the  maximum  bending  moment  within 
the  gauge  length.  The  value  of  0  listed  is  based  on  this  bending  moment. 

M^_  i  has  been  calculated  on  the  basis  of  the  assumption  that  the  critical 
section  is  located  a  distance  c^/2  from  the  west  end  of  the  gauge  length 
and  M  ^  has  been  calculated  on  the  basis  of  the  assumption  that  the  critical 
section  is  located  a  distance  c^/2  from  the  east  end  of  the  gauge  length. 
Similarly,  m^  and  m^  were  calculated  using  the  value  of  0  existing 
at  the  appropriate  critical  section. 

(b)  Beams  Tested  by  Other  Investigators 

The  theoretical  and  experimental  results  for  beams  tested  by 
other  investigators  are  presented  in  TABLES  6-3  to  6-7.  The  theoretical 
results  are  the  results  obtained  using  the  equations  presented  in  CHAPTER  V  . 

The  results  for  22  of  the  beams  tested  by  Pandit  (1965)  are 
presented  in  TABLE  6-3.  For  those  beams  tested  in  combined  bending, 
torsion  and  shear,  the  value  of  listed  in  this  table  is  the  average 

value  of  bending  moment  over  the  gauge  length.  The  value  of  0  for  each 
beam  has  been  computed  using  this  value  of  bending  moment.  The  values  of 
are  based  on  the  assumption  that  the  critical  section  is  located  a 
distance  c^/2  from  the  west  end  of  the  gauge  length  for  a  mode  1  failure 
and  a  distance  c^/2  from  the  east  end  of  the  gauge  length  for  a  mode  3 
failure. 

Since  the  analysis  presented  in  CHAPTER  V  is  limited  to  rein¬ 
forced  concrete  beams,  the  plain  concrete  beams  tested  by  Pandit  are  not 
included  in  this  table.  Pandit's  Group  H  beams  have  also  been  omitted 


w  rinamom  gnlbnad  ajfjmixBor  srf3  aJ  bn«  ri3gn-:>X  ,  ,;3  sri3  o  bns  Jssw  sri3  3e 

1  01  <0  -  3  noi3c,  .  9J3  3  d  orfd  no  bsJ&Iuol  >■:,  iJ3dCf  aBfj  ^  _m 

\  o  sc cj,- :! a ib  ft  L  >:  >ol  si  t  oi ^osa 

ns,  sgusg  e.'  j  i  ,s  sri  •  "1  £\fc  sonudeib  6  bsjasol  si  noiiosa 

.no  3coi  IfiDJilio  s3  siiqo’jqqfi  arid  3b 
a?Q-  aavnl  rsrfdO  yd  bsissT  emf,ag  (d) 

“  * 3.1  us 9  Jsi/n;  niiaqxe  bns  Iso  i39:ro9d3  sriT 

‘  )Sr  •  03  --d  Saju  ni  badnsaaiq  sib  e:ro3Bgid :  svni  -rsrido 

* 

3lbnB<I  yd  bs3ss3  amssd  arid  Jo  SS  3ol  adiuas?  sriT 
«  \ni  >nsd  bsnidmoo  ni  b.o.1893  ernasc:  seor  o'*  ,£-d  3J8AT  ni  bsdnsestrq 

sgs^sva  sri3  ni  Idas  airid  ni  bs38il  .  .M  3o  c,  ev  sri3  f  marie  bos  no/r^od 
io  suIbv  sriT  .rijgnsl  s gi/eg  sri3  mvo  3nstnom  snJcbnsd  do  suXbv 
.dnamora  gnibnad  Jo  suIbv  airid  gniau  bsiuqmpo  nssd  ssri  masd 

uli  obo^r:  &  to:  ridgnal  aging  arid  lo  bn  3asw  ri3  moil  S\ aonsdeib 

Jon  9rB  ^ns1*  -'>93?9J  ;rassd  sdsionoo  nlfilq  arid  temssd  srtamnoo  baodol 

boJJimo  nssd  osIb  svftri  .eldftd  sirid  ni  babul oni 


<! 

H 


M 

H 

W 

g 

S 

H 

O 

§ 

CO 


o 

u 


PQ 

CO 

H 

CO 

w 

H 


vO 

00 

r-» 

m 

r^. 

CO 

VO 

m 

O 

vO 

CO 

CM 

O 

CM 

vO 

CM 

00 

m 

rH 

4-1 

O 

av 

00 

o 

av 

00 

av 

00 

00 

vO 

00 

o 

av 

00 

o 

O 

av 

av 

rH 

rH 

r—H 

CM 

4-1 

4J 

a 

a 

rH 

o 

O 

rH 

O 

o 

o 

o 

O 

o 

O 

rH 

o 

O 

rH 

rH 

o 

o 

rH 

rH 

rH 

rH 

CO 

a 

•H 

CO 

oo 

oo 

vO 

vO 

in 

o 

rH 

vO 

r-4 

CO 

CO 

CM 

o 

oo 

m 

-U 

-M 

VO 

CTv 

av 

o 

CO 

iH 

rH 

o 

CO 

rH 

m 

m 

00 

av 

o 

vO 

00 

00 

av 

a 

in. 

rH 

r-4 

rH 

rH 

CM 

CM 

rH 

rH 

rH 

rH 

r>- 

vO 

oo 

rH 

VO 

m 

o 

av 

CM 

rH 

00 

r- 

I-. 

vD 

CO 

00 

CM 

in 

o 

rH 

oo 

CO 

av 

oo 

av 

O 

8 

is 

• 

• 

8 

o 

O 

o 

O 

rH 

o 

o 

o 

o 

o 

o 

o 

rH 

o 

o 

CM 

CO 

a 

4-1 

•r4 

CM 

in 

m 

00 

m 

rH 

rH 

av 

vO 

vO 

vO 

rH 

r-4 

00 

CO 

av 

m 

CO 

CM 

CO 

m 

_4-> 

r- 

av 

oo 

o 

r-H 

rH 

av 

vO 

m 

o 

CM 

m 

00 

oo 

av 

av 

O 

rH 

a 

• 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

CO 

d 

H 

•H 

H 

D 

CO 

W 

CO 

P eS 

a 

4J 

•r-l 

m 

o 

o 

o 

in 

o 

o 

<n 

m 

o 

m 

o 

o 

o 

in 

o 

o 

m 

m 

o 

o 

hJ 

*!“ 

A3 

av 

rH 

00 

av 

rH 

CO 

vO 

av 

av 

rH 

av 

m 

m 

av 

in 

<3 

• 

H 

rH 

CM 

rH 

i-H 

vO 

CO 

rH 

rH 

rH 

rH 

rH 

H 

d 

Z 

/—s 

•H 

M 

LO 

Pd 

vO 

CO 

CM 

CM 

CM 

CM 

CM 

CM 

w 

ov 

4J 

a 

o 

o 

o 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

• 

• 

• 

o 

• 

• 

• 

o 

CL, 

rH 

> 

•i-4 

av 

vO 

CO 

O 

vO 

CO 

a 

v— ' 

A! 

rH 

H 

co 

Q 

M 

i 

o 

Z 

- 

A" 

A" 

AN 

A™ 

A" 

A™ 

AN 

AN 

A" 

A™ 

A™ 

z 

* 

z 

z 

A" 

A" 

A" 

AN 

CD 

<3 

a 

CO 

VO 

vO 

VO 

<r 

00 

oo 

oo 

00 

CO 

CO 

CO 

CO 

<3 

a) 

<24 

<24 

<24  (2> 

<24 

24  <24 

24  24 

24  <24 

<24 

(24 

<24 

<24 

24  <24  24 

(24 

24 

24  24 

w 

O-i 

•H 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

3 

<3 

H 

«fes 

*tte 

=fe 

=>t= 

=tfc 

=»>= 

=«= 

=tfc 

=te 

=te 

PQ 

o 

>4 

4J 

g 

S  g 

o  o 
y  LJ 
O  4J 
14-1  o 

a  pq 

a) 

f*5 


«j<tstinminin^\0'OvDst-J<tnnnnnn(on 

MNNMNcNNststNfvtfNNNnnncnnnnfO 


CL 

C0 

CO 

CO 

co 

CO 

co 

CO 

m 

m 

in 

in 

<f 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

C0 

o 

=S= 

=S= 

=tt= 

=«= 

=S= 

=«= 

=«= 

=«= 

=«= 

=S= 

=«= 

H 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

CO 

O 

O 

O 

O 

O 

O 

O 

o 

o 

O 

O 

O 

O 

O 

o 

o 

o 

o 

o 

o 

o 

o 

•r-l 

av 

00 

CM 

o 

00 

o 

in 

OO 

rH 

O 

o 

vD 

vD 

m 

m 

vO 

vD 

CM 

CM 

-  O 

cn 

vD 

vO 

o 

av 

oo 

CO 

00 

00 

r-4 

vD 

o 

av 

rH 

r- 

O 

O 

vO 

VD 

in 

in 

av 

av 

<4-1 

a 

Mt 

<1- 

in 

m 

in 

<1- 

in 

m 

<r 

m 

m 

m 

<1- 

cn 

<u 

O 

O 

o 

o 

o 

o 

O 

o 

O 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

o 

X 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

O 

d 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

CM 

•H 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

rH 

113 


CM 

CO 

00 

O 

1 

av 

rH 

p 

• 

• 

o 

o 

E 

$ 

CO 

04 

d 

0) 

00 

o 

PQ 

CO 

•r4 

d 

4-1 

00 

<14 

CO 

d 

> 

•r4 

*H 

<3 

> 

T3 

a) 

D 

o 

^-i 

O 

04 

d 

00 

w 

to 

u 

4-4 

04 

o 

> 

a 

<3 

rO 


cn 

a) 

-d 

o 

d 

•H 


o^oomooooooooooomooomo 

CNl  O  o  rH  to  NNNCnJNNNHHHHNCNJHN 


vO  vO  vO  vO  vO  vO  vO  vO  vO  <D  vO  vD  vO  vO  vO  vD  vO  vO  vO  vD  vD  vO 


B 

<o 

<u 

PQ 


NCO<J'>-IMCOsJ'i-INCr)sfHNfr)HcMmvtHc\)Crl<t’ 
I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I 
pqpQpQOUUOQQQQWWWfcPutuCnOOOO 


•  ■■  ■  i  .  .  '  ■*.-  <v  o  r.<  u  r->  ,-•>  :>•  -  i  o  u* 


<o  no 

c  p 


h  aj  oe  rw  rv  w 
H  O  03  /O 


c  5  -v  r»  o  O  ru  o  O  O  r  ■  i  ■  rw  ry  O  ■ .  AJ  O  O  O  ru 


WO  JO 


o 1  ao  c  a 


lo  H  W  ^ 


-  >  o  -  o  o  t '  it  r  r  Ai  f  - 


yooo^rfdiiiwwMaaD 


."r.’  J.-A  •  -  *■.  *  -  ; 
P  (j  'J  U  '.  IXi  u3  ip 


wQ 

V,  U 


a  l 


(M  J  - 


a 


no 

i 

4/ 


114 


since  they  were  not  provided  with  any  top  longitudinal  reinforcement. 

One  of  the  top  longitudinal  bars  and  one  of  the  bottom  longi¬ 
tudinal  bars  in  Beam  D-3  were  provided  with  strain  gauges.  Strain  readings 
indicated  that  neither  the  top  nor  the  bottom  reinforcement  had  yielded 
when  failure  occurred.  Consequently,  it  would  appear  that  this  beam  was 
over  reinforced. 

Beams  F-l  to  G-4  had  three  longitudinal  bars  adjacent  to  each 
horizontal  face.  In  the  computations  for  mode  2,  the  bars  at  the  center 
of  the  horizontal  faces  have  been  assumed  to  yield  and  their  reduced 
moment  arm  has  been  taken  into  consideration. 

TABLE  6-4  presents  the  results  for  13  of  the  beams  tested  by 
Chinenkov  (1959).  Only  the  beams  that  were  provided  with  transverse 
reinforcement  adjacent  to  all  faces  are  included.  The  cylinder  strengths 
listed  in  this  table  were  obtained  by  taking  95  percent  of  the  cube 
strengths  given  by  Chinenkov. 

TABLE  6-5  presents  the  results  for  the  12  beams  tested  by 
Gesund,  Schuette,  Buchanan  and  Gray  (1964) . 

TABLE  6-6  presents  the  results  for  17  of  the  beams  tested 
by  Lyalin  (1959).  Beams  that  failed  by  crushing  of  the  concrete  before 
the  reinforcement  yielded  and  beams  that  failed  by  breaking  of  the  welds 
between  the  transverse  and  longitudinal  reinforcement  are  not  included 
in  this  table.  The  concrete  cylinder  strengths  listed  were  obtained 
by  taking  95  percent  of  the  cube  strengths  given  by  Lyalin.  The  value 
of  M,  listed  in  this  table  is  the  maximum  bending  moment  in  the 
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beam  and  the  value  of  0  listed  is  based  on  this  bending  moment.  The 
values  of  M  are  based  on  the  assumption  that  for  a  mode  1  failure 
the  critical  section  is  located  a  distance  c^/2  from  the  cross  section 
subjected  to  the  maximum  bending  moment  and  that  for  a  mode  3  failure  the 
critical  section  is  located  a  distance  Cg/2  from  the  cross  section 
subjected  to  the  minimum  bending  moment. 

The  results  of  11  of  the  beams  tested  by  Lessig  (1961)  are 
presented  in  TABLE  6-7.  Beams  that  failed  by  crushing  of  the  concrete 
before  the  reinforcement  yielded  are  not  included  in  this  table.  The 
concrete  cylinder  strengths  were  obtained  by  taking  95  percent  of  the 
cube  strengths  given  by  Lessig.  The  value  of  listed  in  this  table 

is  the  maximum  bending  moment  in  the  beam  and  the  value  of  0  listed  is 
based  on  this  bending  moment.  The  values  of  listed  are  based  on 

the  assumption  that  for  a  mode  1  failure  the  critical  section  is 
located  a  distance  c^/2  from  the  cross  section  subjected  to  the  maximum 

bending  moment  and  that  for  a  mode  3  failure  the  critical  section  is 

located  a  distance  c^ /2  from  the  cross  section  subjected  to  the  minimum 

bending  moment.  In  computing  M  for  Beams  19  and  19a,  the  different 
diameters  of  the  horizontal  and  vertical  legs  of  the  ties  were  considered. 
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CHAPTER  VII 


SIMPLIFIED  ANALYSIS 


7-1  Introduction 

Simplified  versions  of  the  equations  in  CHAPTER  V  are  presented 
in  this  chapter.  An  interaction  diagram  consisting  of  three  straight 
lines  is  also  presented  along  with  the  applicable  equations  and  the  pro¬ 
cedure  to  be  used  in  their  solution. 

The  correlation  between  the  experimental  results  of  109  beams 
and  the  simplified  analysis  is  given  in  TABLES  7-1  and  7-2.  Of  these 
beams,  34  were  tested  in  this  investigation  and  75  were  tested  by  other 
investigators . 

7-2  Simplification  of  Equations 

In  order  to  reduce  the  number  of  calculations  and  to  eliminate 
the  iterative  procedures  required  to  solve  Equations  (5-1),  (5-5)  and 
(5-10),  the  following  simplifying  assumptions  are  introduced. 

(1)  The  critical  section  is  located  a  distance  equal  to  b  from 
the  cross  section  of  the  beam  that  is  subjected  to  either  the 
maximum  or  the  minimum  bending  moment  within  the  gauge  length. 

(2)  The  transverse  reinforcement  that  is  adjacent  to  the  face 
opposite  to  the  face  on  which  the  hinge  forms  is  located 
at  the  level  of  the  longitudinal  reinforcement. 
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(3)  The  force  in  the  legs  of  the  ties  at  the  two  faces  adjacent 
to  the  face  on  which  the  hinge  forms  is  neglected. 

(4)  The  depth  of  the  concrete  compression  zone  is  zero. 

Assumption  one  defines  the  cross  sections  of  the  beam  that 

should  be  analysed.  If  the  gauge  length  is  subjected  to  a  uniform  bending 
moment  and  a  uniform  twisting  moment  this  assumption  does  not  apply.  If 
a  beam  has  equal  top  and  bottom  longitudinal  reinforcement,  the  possi¬ 
bility  of  a  mode  3  failure  is  precluded  and  the  critical  section  is 
assumed  to  be  located  a  distance  equal  to  b  from  the  cross  section 
subjected  to  the  maximum  bending  moment.  If  a  beam  has  less  top  rein¬ 
forcement  than  bottom,  the  critical  section  for  a  mode  1  failure  remains 
unchanged  but  the  critical  section  for  a  mode  3  failure  is  assumed  to  be 
located  a  distance  equal  to  b  from  the  cross  section  subjected  to  the 
minimum  bending  moment.  Since  a  mode  2  failure  is  independent  of  the 
bending  moment  it  is  not  necessary  to  define  a  critical  section  for  a  mode 
2  failure  for  beams  subjected  to  a  constant  transverse  shear. 

Assumption  two  reduces  the  lever  arm  of  the  transverse  reinforce¬ 
ment  by  an  amount  equal  to  one  half  the  tie  diameter  plus  one  half  the 
diameter  of  the  longitudinal  bars.  Consequently,  it  reduces  the  theoretical 
ultimate  torsional  moment  slightly. 

Assumption  three  neglects  the  force  in  the  vertical  legs  of  the 
ties  for  the  mode  1  and  mode  3  failure  surfaces  and  neglects  the  force 
in  the  horizontal  legs  of  the  ties  for  the  mode  2  failure  surface.  The 
contribution  of  the  force  in  these  legs  to  the  torsional  moment  is  small 
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in  comparison  to  the  contribution  of  the  forces  in  the  remainder  of  the 
reinforcement.  As  a  result,  the  theoretical  ultimate  torsional  moment 
is  slightly  reduced. 

Assumption  four  increases  the  lever  arm  of  the  force  in  the 
longitudinal  and  transverse  reinforcement  by  a  distance  equal  to  one  half 
the  depth  of  the  compression  zone  and  therefore  increases  the  ultimate 
torsional  moment.  The  depth  of  the  compression  zone  in  a  beam  tested  at 
0  equal  to  zero  is  significant.  However,  as  the  value  of  0  is  in¬ 
creased  the  depth  of  the  compression  zone  becomes  progressively  smaller. 
The  depth  of  compression  zone  at  failure  for  Beams  1-6  and  2-5  was  com¬ 
puted  to  be  0.47"  and  0.50"  respectively.  These  beams  were  tested  at 
0  equal  to  0.25.  Consequently,  increasing  the  lever  arm  of  the  force 
in  the  reinforcement  by  one  half  the  depth  of  the  compression  zone  in¬ 
creases  the  theoretical  torsional  moment  by  only  a  small  amount. 

7-3  Simplified  Equations 


(a)  Mode  1 


The  simplifying  assumptions  outlined  in  SECTION  7-2  transform 


Equations  (5-1),  (5-3)  and  (5-4)  into  Equations  (7-1)  and  (7-2). 


(7-1) 
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where 
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(7-2) 
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Equations 
and  (7-4) 

where 

and 

(b) 

(5-5),  (5 

where 

Equations 


(7-1)  and  (7-2)  can  then  be  transformed  into  Equations  (7-3) 


M  =  A  f  ,hb 
1 1  s  1  yl  01 


2  _ 


1  + 


kvl°,lgl 


cl  +  0 


=  2h  +  b 

si  =  A  S/a 
1  si  v 


yi 


f  ,/f  . 

yl  yt 


1  + 


_0 


—  -f  k  ex  g 
2  +  kyl  1P1 


1/2 


±61 


(7-3) 


(7-4) 


Mode  2 

The  simplifying  assumptions  of  SECTION  7-2  transform  Equations 
-7)  and  (5-8)  into  Equations  (7-5)  and  (7-6). 


M 


A  9f  9hb 

s2  y2  02 


1 2 


1  +  P2k02C2  /bh 

1+6 


(7-5) 


C2 


-i  1/2 


bh 


P2k02 


<  2b  +  h 


(7-6) 


(7-5)  and  (7-6)  can  then  be  transformed  into  Equations  (7-7) 


and  (7 -8) . 
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A  f  hb 
m  s2  y2  O2 

t2  Co 


1  + 


kv2g2e2 


1  +  6 


(7-7) 


where  ^  =  2b  +  h 


%  =  A  9  S/a 

2  s2  v 


k  9  =  f  9/f 

y2  y2  yt 


and 


c2  =  <ky2“2B2) 


1/2 


—  B2 


(7-8) 


(c)  Mode  3 

The  simplifying  assumptions  of  SECTION  7-2  transform  Equations 
(5-10),  (5-12)  and  (5-13)  into  Equations  (7-9)  and  (7-10). 


Mt3  As3fy3h03 


1  +  P3k03C3  ^bh 

^3  1 

b  "  0 


(7-9) 


where 


C3  =  0  +  b 


La' 


p3k03b 


1/2 


£  2h  +  b 


(7-10) 


Equations  (7-9)  and  (7-10)  can  then  be  transformed  into  Equations  (7-11) 
and  (7-12) . 
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where 


S1  =  2h  +  b 


1/2 


and 


1 


(7-12) 


7-4  Simplified  Interaction  Diagram 

The  interaction  diagrams  shown  in  CHAPTER  VI  can  be  approxi¬ 
mated  by  three  straight  lines.  This  simplified  interaction  diagram  is 
shown  in  FIGURE  7-1.  Points  a,  b,  c,  and  d  are  obtained  by  solving 
Equations  (7-3),  (7-7)  and  (7-11)  for  values  of  0  of  00  ,  1.0,  0.25 

and  0.  A  value  of  0  equal  to  infinity  represents  a  beam  subjected  to 
pure  torsion;  0  equal  to  zero  represents  a  beam  subjected  to  pure  bending. 
The  values  1.0  and  0.25  have  been  selected  arbitrarily. 


The  twisting  moment  at  point  a  is  designated  M  and  is  equal 

L  3 


to  the  smallest  of  the  twisting  moments  ^  and  M^_  ^  obtained 


from  Equations  (7-3),  (7-7)  and  (7-11)  with  0  equal  to  00  .  For  this 

value  of  0  these  equations  are  transformed  into  Equations  (7-13),  (7-15) 
and  (7-17)  respectively.  The  twisting  moments  obtained  from  these  equations 


are  designated  M  ,  M  and  M  to  indicate  they  are  the  values 

t  la.  t  za  t  Ja 


of  i  and  M  at  point  a  on  the  simplified  interaction  diagram. 
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FIGURE  7-  1  SIMPLIFIED  INTERACTION  DIAGRAM 
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where 
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C1  =  (kylBlV 


A  f  b  h 

M  =  -s2_y.?  02 

1 2a  c  „ 
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where 
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M  _  =  A  f  h_b 

t3a  s3  y3  03 


1  +  C3  /ky3®l*3 


where 
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(7-14) 

(7-15) 

(7-16) 

(7-17) 

(7-18) 


The  twisting  moment  at  point  b  is  designated  and  is 

equal  to  the  smallest  of  the  twisting  moments  given  by  Equations  (7-3), 

(7-7)  and  (7-11)  with  0  equal  to  1.0.  For  this  value  of  0  these 

equations  are  transformed  into  Equations  (7-19),  (7-21)  and  (7-22)  and 

the  twisting  moments  are  designated  M  ,  M  and  M  .  The  bending 

t  lb  1 2b  t  Jb 

moment  at  point  b  is  designated  11  and  is  given  by  Equation  (7-24). 


where 


M  =  A  f  h_.b 
tlb  slylOl 


1  +  C1  /kyiei°Cl 

b  +  c 


?  1/2 

cl  =  "  b  +  (b  +  kyl  Vi)  -  31 


(7-19) 


(7-20) 


M 


t2b 


=  M 


t2a 


(7-21) 


j8>  su  (^  *> 


. 


^  I  a 


128 


M  =  A  f  h  b 
t3b  s3  y3  03 


1  +  c3  /kv3Blg3 

c3  -  b 


where 


9  1/2 
=  b  -f-  (b  +  k  Sfj)  1 


^b  =  Mtb 


(7-22) 

(7-23) 

(7-24) 


The  twisting  moment  at  point  c  is  designated  M  and  is 

t  c 

equal  to  the  smallest  of  the  twisting  moments  given  by  Equations  (7-3), 
(7-7)  and  (7-11)  with  0  equal  to  0.25.  For  this  value  of  0  these 
equations  are  transformed  into  Equations  (7-25),  (7-27)  and  (7-28)  and 
the  twisting  moments  are  designated  M  ,  M  and  M  .  The  bending 
moment  at  point  c  is  designated  It  and  is  given  by  Equation  (7-30). 
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where 


=  4b  +  (16b  + 


ky3  61  V 


1/2 


(7-29) 


(7-30) 


Point  d  on  the  simplified  interaction  diagram  represents  a 
beam  subjected  to  pure  flexure.  With  0  equal  to  zero  in  Equation  (7-1), 
the  twisting  moment  is  found  to  be  zero.  The  corresponding  bending  moment 
is  given  by  Equation  (7-31)  and  is  designated 


=  A  if  i 

si  yl 


-  k1x1/2) 


(7-31) 


where  x  =  A  _f  ,70.85  k,f'  b  (7-32) 

1  si  yl  1  c 

Equations  (7-31)  and  (7-32)  are  obtained  from  Equations  (5-1) 
and  (5-2)  by  rearranging  terms  and  using  the  fact  that  c^  is  equal  to 
zero  for  a  beam  subjected  to  pure  flexure. 

7 -5  Computation  Procedure 

The  following  procedure  can  be  used  to  check  the  torsional 
strength  of  beams  that  have  been  tested  or  to  design  beams  for  specified 
bending  moments,  twisting  moments  and  transverse  shear  forces.  For 
design,  a  trial  section  is  selected  and  0  and  6  are  computed  using 
the  design  values  of  bending  moment,  twisting  moment  and  transverse  shear. 

After  the  bending  moment  and  twisting  moment  corresponding  to 
each  of  points  a,  b,  c,  and  d  have  been  calculated,  the  ultimate  torsional 
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moment  at  any  value  of  0  can  be  obtained  by  using  Equations  (7-33), 

(7-34)  and  (7-35). 

The  computation  procedure  is  divided  into  three  parts.  The 
part  that  is  relevant  to  any  particular  beam  depends  on  the  value  of  0 
for  that  beam.  If  the  top  reinforcement  of  the  beam  is  identical  to  the 
bottom,  the  calculations  required  by  Equations  (7-17),  (7-18),  (7-22), 
(7-23),  (7-28)  and  (7-29)  can  be  omitted.  The  three  parts  of  the  procedure 
are: 

(a)  0  <  <J,  <  0.25 

(b)  0.25  <  <f>  _<  1.0 

(c)  <J>  >  1.0 


(a)  0  <  <t>  <  0.25 
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3. 
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4.  Compute  “be  by  Equation  (7-30) 

5,  Compute  by  Equati  on  (7-34) 
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by  Equations  (7-13),  (7-15) 

and  (7-17) 
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by  Equation  (7-35) 
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7 -6  Correlation  of  Test  Results 

The  theoretical  and  experimental  results  for  the  beams  pre¬ 
viously  presented  in  TABLES  6-1  to  6-7  are  presented  in  TABLE55  7-1  and 
7-2.  The  theoretical  value  of  twisting  moment,  M  ,  listed  in  these  tables 
was  obtained  by  the  procedure  presented  in  SECTION  7-5.  For  the  beams 
tested  in  bending,  torsion  and  shear  the  location  of  the  critical  section 
was  established  in  accordance  with  assumption  one  of  SECTION  7-2. 
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TABLE  7-1 

COMPARISON  OF  SIMPLIFIED  ANALYSIS  AND  EXPERIMENTAL  RESULTS 
THIS  INVESTIGATION  AND  PANDIT  (1965) 


Beam 

This  Investigation 

M  M 

tt  t 

in. kips  in. kips 

M 

tt 

M 

t 

Beam 

Pandit 

M 

tt 

in. kips 

(1965) 

M 

t 

in. kips 

M 

tt 

Mt 

1-1 

122 

115 

1.06 

B-2 

72 

64 

1.12 

1-2 

138 

132 

1.04 

B-3 

95 

90 

1.06 

1-3 

140 

134 

1.05 

B-4 

85 

89 

0  o  95 

1-4 

159 

169 

0.94- 

C-l 

78 

72 

1.09 

1-5 

131 

129 

1.02 

C-2 

105 

101 

1.04 

1-6 

90 

90 

1.00 

C-3 

111 

124 

0.89 

2-1 

181 

209 

0.87 

C-4 

111 

109 

1.02 

2-2 

172 

187 

0.92 

D-l 

99 

109 

0.91 

2-3 

166 

164 

1.02 

D-2 

164 

184 

0.89 

2-4 

134 

132 

1.02 

D-3 

156 

199 

0.78 

2-5 

90 

91 

0.98 

D-4 

146 

160 

0.91 

3-1 

115 

99 

1.16 

E-l 

76 

70 

1.08 

3-2 

117 

124 

0.95 

E-2 

101 

103 

0.98 

3-3 

120 

123 

0.98 

E-3 

121 

139 

0.87 

3-4 

115 

105 

1.10 

F-l 

58 

52 

1.12 

3-5 

73 

71 

1.03 

F-2 

83 

70 

1.18 

4-1 

120 

116 

1.03 

F-3 

89 

82 

1.08 

4-2 

101 

96 

1.06 

F-4 

95 

94 

1.01 

4-3 

93 

85 

1.09 

G-l 

73 

53 

1.37 

4-4 

85 

80 

1.07 

G-2 

92 

68 

1.35 

4-5 

103 

96 

1.07 

G-3 

103 

77 

1.34 

4-6 

66 

59 

1.13 

G-4 

115 

86 

1.33 

5-1 

128 

130 

0.99 

5-2 

141 

147 

0.96 

Average  * 

1.08 

5-3 

130 

124 

1.05 

Average  Deviation* 

0.124 

5-4 

99 

96 

1.03 

6-1 

129 

123 

1.05 

6-2 

145 

124 

1.17 

*Not 

Including  Beam 

D-3 

6-3 

132 

126 

1.05 

6-4 

107 

98 

1.09 

7-1 

112 

95 

1.18 

7-2 

115 

107 

1.07 

7-3 

132 

132 

1.00 

7-4 

125 

118 

1.06 

Average 

1.04 

Average 

Deviation 

0o051 
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TABLE  7-2 

COMPARISON  OF  SIMPLIFIED  ANALYSIS  AND  EXPERIMENTAL  RESULTS 
CHINENKOV  (1959),  GESUND,  SCHUETTE,  BUCHANAN  AND 
GRAY  (1964),  LYALIN  (1959)  AND  LESSIG  (1961) 


Beam 

M 

tt 

in . kips 

M 

t 

in. kips 

M 

tt 

M 

t 

Chinenkov 

(1959) 

0.1 

49 

41 

1.20 

0.1a 

47 

40 

1.17 

0.2 

83 

78 

1.06 

0.2a 

83 

80 

1.04 

0.4B 

98 

98 

1.00 

0.4 

146 

121 

1.21 

0.4a 

139 

121 

1.15 

0.4b 

146 

121 

1.21 

0 . 4c 

153 

125 

1.23 

0.4d 

125 

121 

1.04 

0.4e 

132 

122 

1.09 

0.4f 

139 

141 

0.99 

0 . 4g 

98 

96 

1.02 

Average  1.11 

Average  Deviation  0.080 

Gesund 

,  Schuette 

,  Buchanan 

and  Gray  (1964) 

1 

79 

90 

0.88 

2 

102 

120 

0.85 

3 

61 

66 

0.93 

4 

67 

78 

0.86 

5 

49 

52 

0.94 

6 

56 

58 

0.96 

7 

43 

43 

1.01 

8 

44 

46 

0.95 

9 

60 

71 

0.85 

10 

44 

54 

0.82 

11 

68 

87 

0.78 

12 

53 

61 

0.87 

Average  0.89 

Average  Deviation  0.055 


Beam 

M 

tt 

in. kips 

M 

t 

in . kips 

M 

tt 

M 

t 

Lyalin  (1959) 

8-0.1 

52 

57 

0.92 

8-0. la 

56 

58 

0.96 

8-0.2 

90 

110 

0.82 

8-0. 2a 

97 

105 

0.92 

7-0.2 

94 

101 

0.93 

7 -0.2a 

90 

99 

0.90 

10-0.2 

104 

111 

0.94 

10 -0.2a 

104 

114 

0.91 

1 

90 

97 

0.92 

la 

90 

102 

0.88 

2a 

139 

138 

1.01 

4 

261 

225 

1.16 

4a 

278 

241 

1.15 

5 

195 

206 

0.95 

5a 

195 

188 

1.04 

6 

166 

160 

1.04 

6a 

181 

163 

1.11 

Average  0.97 

Average  Deviation  0.077 

Lessig  (1961) 

3 

175 

202 

0.87 

13a 

125 

141 

0.89 

14a 

113 

122 

0.92 

15 

156 

130 

1.20 

15a 

151 

129 

1.17 

16 

92 

87 

1.06 

16a 

83 

81 

1.02 

17 

83 

82 

1.01 

17a 

90 

81 

1.11 

19 

78 

59 

1.32 

19a 

79 

57 

1.38 

Average  1.09 

Average  Deviation  0.136 
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CHAPTER  VIII 


DISCUSSION 


8-1  General  Behavior 

The  behavior  of  the  test  specimens  prior  to  cracking  of  the 
concrete  was  affected  very  little  by  the  reinforcement  provided.  However, 
after  cracking  occurred  the  specimens  appeared  to  assume  a  new  configuration 
of  equilibrium  that  was  dependent  on  the  value  of  0  at  which  the  test 
was  being  conducted  and  the  reinforcement  that  was  provided.  The  be¬ 
havior  of  the  beams  has  been  presented  in  detail  in  CHAPTER  IV  and  Appendix  B. 

Three  modes  of  failure  were  observed  in  this  investigation  and 
they  have  been  designated  mode  1,  mode  2,  and  mode  3.  A  mode  1  failure  is 
characterized  by  the  formation  of  a  hinge  adjacent  to  the  top  face  of  the 
beam,  yielding  of  the  bottom  reinforcement  and  positive  vertical  deflection 
of  the  beam.  A  mode  2  failure  is  characterized  by  the  formation  of  a  hinge 
adjacent  to  one  of  the  vertical  faces  of  the  beam,  yielding  of  the  rein¬ 
forcement  adjacent  to  one  or  both  of  the  vertical  faces  and  little  or  no 
vertical  deflection  of  the  beam.  A  mode  3  failure  is  characterized  by  the 
formation  of  a  hinge  adjacent  to  the  bottom  face  of  the  beam,  yielding 
of  the  top  reinforcement  and  negative  vertical  deflection  of  the  beam.  The 
failure  surfaces  corresponding  to  these  modes  of  failure  have  been  idealized 
and  are  presented  in  FIGURES  5-1,  5-2  and  5-3. 

The  theoretical  ultimate  torsional  moment  of  a  beam  has  been 
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defined  as  the  smallest  of  the  three  moments  computed  by  Equations  (5-1), 
(5-5)  and  (5-10).  Each  of  these  equations  has  been  derived  for  a  different 
mode  of  failure.  The  predicted  mode  of  failure  has  been  designated  as 
the  mode  that  yields  the  smallest  value  of  theoretical  ultimate  torsional 
moment . 

The  observed  mode  of  failure  was  determined  principally  by 
noting  the  development  and  width  of  cracks  and  by  observing  the  behavior 
of  the  beam  at  failure.  Additional  information  regarding  the  mode  of 
failure  was  obtained  from  the  deflection  readings  and  the  strains  in  the 
longitudinal  reinforcement. 

TABLES  6-1  and  6-2  indicate  that  for  most  of  the  beams  the  ob¬ 
served  mode  of  failure  agreed  with  the  predicted  mode  of  failure.  When 
the  observed  mode  of  failure  did  not  agree  with  the  predicted  mode  of 
failure  the  beam  usually  exhibited  two  failure  surfaces  corresponding  to 
different  modes  of  failure.  The  one  that  appeared  to  be  the  best  developed 
was  selected  as  the  observed  failure  surface  and  the  corresponding  mode 
of  failure  has  been  recorded  in  TABLES  6-1  and  6-2.  For  example,  the 
failure  of  Beam  1-4  was  recorded  as  a  mode  2  failure  but  it  was  noted  that 
this  beam  also  had  a  fairly  well  developed  mode  1  failure  surface.  The 
predicted  mode  of  failure  for  this  beam  is  mode  1.  The  theoretical 
torsional  moment  corresponding  to  a  mode  2  failure  surface  is  2.6  percent 
higher  than  the  moment  corresponding  to  a  mode  1  failure  surface.  This 
is  also  evident  from  FIGURE  6-l(a).  This  interaction  diagram  indicates 
that  a  Group  1  beam  tested  at  0  equal  to  1.0  would  have  virtually  the 
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same  strength  according  to  either  a  mode  1  or  a  mode  2  failure  surface. 

8-2  Effect  of  Reinforcement 

Provision  of  top  longitudinal  reinforcement  that  was  less  in 
area  than  the  bottom  longitudinal  reinforcement  did  not  affect  the  behavior 
or  the  ultimate  strength  of  the  beams  that  were  tested  at  low  values  of 
0  .  Low  values  of  0  have  been  defined  as  0.5  or  less.  Comparison 
of  the  test  results  for  Beams  1-5  and  2-4  and  Beams  1-6  and  2-5  illustrates 
this.  The  observed  mode  of  failure  of  all  four  of  these  beams  was  mode  1. 

Provision  of  top  longitudinal  reinforcement  that  was  less  in 
area  than  the  bottom  longitudinal  reinforcement  did  affect  the  behavior 
and  ultimate  strength  of  the  beams  that  were  tested  at  0  equal  to  1.0. 
Comparison  of  the  test  results  of  Beams  1-4  and  2-3  illustrates  this. 

The  observed  mode  of  failure  of  Beam  2-3  was  mode  1.  The  observed  mode 
of  failure  of  Beam  1-4  was  mode  2  but  a  fairly  well  developed  mode  1 
failure  surface  was  also  evident.  Although  the  deflection  of  both  beams 
was  positive,  the  deflection  of  Beam  1-4  remained  almost  constant  in  the 
latter  stages  of  the  test  whereas  the  deflection  of  Beam  2-3  continued  to 
increase . 

Provision  of  top  longitudinal  reinforcement  that  was  less  in 
area  than  the  bottom  longitudinal  reinforcement  significantly  affected 
the  behavior  and  ultimate  strength  of  the  beams  that  were  tested  at  a 
high  value  of  0  .  A  high  value  of  0  has  been  defined  as  2.0  or  greater. 
Comparison  of  the  test  results  of  Beams  1-1  and  2-1  and  Beams  1-3  and  2-2 
illustrates  this.  Failure  of  Beams  1-1  and  1-3  was  by  mode  3  whereas 
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failure  of  Beams  2-1  and  2-2  was  by  mode  2  and  mode  1  respectively. 

After  cracking  of  the  concrete  occurred,  Beams  1-1  and  1-3  exhibited 
significant  negative  deflections  whereas  Beams  2-1  and  2-2  exhibited 
small  negative  and  small  positive  deflections  respectively. 

Increasing  the  tie  spacing  while  keeping  the  longitudinal 
reinforcement  and  0  constant  did  not  affect  the  behavior  of  the  beams 
prior  to  cracking.  However,  after  cracking  occured,  the  slope  of  the 
twisting  moment -angle  of  twist  relationship  decreased  with  an  increase 
in  tie  spacing.  In  addition,  the  ultimate  torsional  moment  of  the  beams 
decreased.  The  deflection  of  the  beams  at  a  given  value  of  torsional 
moment  was  not  affected  by  a  variation  in  the  tie  spacing. 

Comparison  of  the  plots  presented  in  Appendix  B  for  Beams  1-5, 
4-5  and  4-6  indicates  that  the  behavior  of  beams  tested  at  the  same 
value  of  0  but  in  which  the  amount  of  longitudinal  and  transverse 
reinforcement  was  progressively  reduced  was  the  same  until  cracking  of 
the  concrete  occurred.  After  cracking  occurred,  the  slope  of  the  twisting 
moment -angle  of  twist  relationship  decreased  with  a  decrease  in  the  amount 
of  reinforcement  provided.  In  addition,  the  ultimate  torsional  moment 
of  the  beams  decreased.  The  deflection  of  the  beams  at  a  given  value  of 
torsional  moment  increased  with  a  decrease  in  the  amount  of  reinforcement 
provided . 

TABLES  6-1  and  6-2  indicate  that  many  of  the  beams  tested  in 
this  investigation  were  over  reinforced  if  Equation  (6-2)  is  the  criterion 
used  to  establish  the  limit  of  over  reinforcement.  However,  the  results 
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presented  in  CHAPTER  IV  and  Appendix  B  indicate  that  in  most  cases  the 
reinforcement  had  yielded  at  failure  of  a  beam.  Consequently,  it  appears 
that  Equation  (6-2)  is  unnecessarily  restrictive  and  that  the  coefficient 
0.06  should  be  increased.  Strain  readings  taken  after  failure  of  Beams  2-1 
and  2-2  indicated  that  in  each  of  these  beams  one  of  the  bottom  reinforcing 
bars  did  not  yield.  Consequently,  it  appears  that  these  two  beams  were 
slightly  over  reinforced.  If  M  is  taken  equal  to  the  test  value  of 
torsional  moment  for  each  of  the  two  beams  and  the  value  of  the  coefficient 
in  Equation  (6-2)  is  calculated,  the  result  is  0.084  and  0.087  for  Beams 
2-1  and  2-2  respectively.  On  the  basis  of  the  results  of  these  two  beams 
it  appears  that  the  coefficient  0.06  in  Equation  (6-2)  could  be  increased 
to  0.08. 

TABLES  6-1  and  6-2  indicate  that  all  beams  tested  in  this  in¬ 
vestigation  except  Beams  2-2,  2-3,  4-3,  4-4,  7-1,  7-2,  7-3  and  7-4  had  a 

value  of  m  between  0.5  and  1.5  times  m  .  The  value  of  m  for  the 

o 

beams  noted  above  was  less  than  0.5  m  .  The  minimum  value  of  the  ratio 

o 

m/m  occurred  in  Beam  7-2  and  was  equal  to  0.31.  The  maximum  value  of 
o 

this  ratio  occurred  in  Beam  2-5  and  was  equal  to  1.33.  Lessig  (1961) 
suggested  that  this  ratio  should  be  between  0.5  and  1.5,  A  ratio  of 
less  than  0.5  implies  that  there  is  insufficient  transverse  reinforcement 
present  to  provide  a  proper  balance  between  the  two  types  of  reinforcement 
and  that  the  longitudinal  reinforcement  will  not  yield.  However,  in  the 
beams  noted  above  for  which  this  ratio  was  less  than  0.5  the  longitudinal 
reinforcement  did  yield  except  in  Beam  2-2.  Consequently,  the  suggested 
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lower  limit  of  0.5  appears  to  be  conservative. 

8-3  Effect  of  Twisting  Moment  to  Bending  Moment  Ratio 

The  effect  of  different  ratios  of  0  on  the  deflection,  mode 
of  failure  and  torsional  strength  of  beams  with  equal  and  unequal  top 
and  bottom  reinforcement  has  been  discussed  in  SECTION  8-2. 

Plots  of  the  twisting  moment -angle  of  twist  relationship  are 
presented  in  Appendix  B.  The  initial  straight  portion  of  this  relationship 
represents  uncracked  behavior  of  the  beam.  The  decreasing  length  of  this 
straight  portion  with  decreasing  values  of  0  indicates  that  the  presence 
of  bending  moment  reduced  the  torsional  moment  at  which  cracking  of  the 
concrete  occurred. 

The  angle  of  twist  at  a  particular  value  of  twisting  moment 
for  the  beams  of  Group  1  did  not  show  any  consistent  variation  with  0 
and  appeared  to  be  influenced  by  the  mode  of  failure  of  the  beams.  For 
a  given  value  of  twisting  moment  greater  than  the  cracking  moment,  the 
angle  of  twist  was  greater  for  the  beams  that  failed  by  mode  3  than  the 
ones  that  failed  by  mode  1.  For  the  beams  of  Group  2  that  failed  by  mode 
1,  the  angle  of  twist  at  a  particular  value  of  twisting  moment  decreased 
with  decreasing  values  of  0  . 

8-4  Sequence  of  Loading 

Pandit  (1965)  applied  the  transverse  load  first  and  then  twisted 
the  specimens  to  failure.  Cowan  and  Armstrong  (1955)  and  Gesund,  Schuette, 
Buchanan  and  Gray  (1964)  used  equipment  that  increased  the  bending  moment 
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and  twisting  moment  at  a  constant  ratio.  Chinenkov  (1959),  Lyalin  (1959), 
Lessig  (1961)  and  Evans  and  Sarkar  (1965)  used  equipment  that  permitted  a 
change  in  the  ratio  of  twisting  moment  to  bending  moment  at  any  stage  of 
a  test.  However,  their  tests  were  carried  out  by  incrementing  first  one 
type  of  load  and  then  the  other  so  that  for  any  one  test  0  was  a 
constant  at  the  end  of  each  complete  load  increment.  Goode  and  Helmy 
(1965)  tested  beams  by  first  applying  a  twisting  moment  and  then  a  bending 
moment  and  stated  that  these  beams  sustained  an  ultimate  bending  moment  at 
least  equal  to  the  ultimate  bending  moment  that  would  be  expected  in  pure 
flexure. 

The  interaction  diagram  for  the  beams  of  Group  3  of  this  in¬ 
vestigation  and  the  beams  of  Group  C  of  Pandit  (1965)  is  shown  in  FIGURE 
6-2.  In  addition,  the  failure  values  of  twisting  moment  and  bending  moment 
and  the  loading  paths  are  shown.  All  of  the  Group  3  beams  except  Beam  3-1 
were  first  subjected  to  a  small  bending  moment  due  to  the  weight  of  the 
loading  equipment  before  further  load  was  applied.  FIGURE  6-2  indicates 
that  the  sequence  of  loading  did  not  significantly  affect  the  ultimate 
torsional  strength  of  these  beams. 

Beam  3-3,  which  was  subjected  to  a  substantial  bending  moment 
before  it  was  twisted  to  failure,  exhibited  a  crack  pattern  that  consisted 
essentially  of  two  sets  of  cracks,  one  set  vertical  and  the  other  set 
inclined  at  approximately  45°  to  the  longitudinal  axis  of  the  beam. 

Beams  3-2,  3-4  and  3-5,  which  were  subjected  to  a  substantial  twisting 
moment  before  the  major  portion  of  the  bending  moment  was  applied,  exhibited 
crack  patterns  that  consisted  of  cracks  on  all  faces  at  approximately  45° 
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to  the  axis  of  the  beam.  The  major  effect  of  the  last  bending  sequence 
applied  to  these  three  beams  was  to  widen  the  cracks  that  had  first 
appeared  during  the  twisting  sequence.  However,  Beams  3-2,  3-3,  3-4 
and  3-5  all  developed  numerous  cracks  while  the  loads  were  at  their  peak 
values..  This  indicates  that  the  formation  of  the  failure  surface  was 
not  entirely  dependent  on  the  cracks  that  formed  at  lower  loads  and  that 
a  redistribution  of  stress  occurred  at  failure. 

Prior  to  the  final  bending  sequence,  Beam  3-4  was  subjected  to 
a  twisting  moment  of  115  inch  kips  and  a  bending  moment  of  55  inch  kips. 

At  this  stage  strain  readings  indicated  yield  in  one  of  the  top  bars,  both 
of  the  bottom  bars  and  the  north  leg  of  the  tie  that  was  instrumented. 
However,  failure  did  not  occur  until  the  bending  moment  had  been  increased 
to  188  inch  kips.  This  shows  that  yielding  of  the  reinforcement  is  not 
sufficient  to  indicate  that  failure  is  about  to  occur.  Failure  does  not 
occur  until  the  concrete  in  the  compression  zone  has  reached  its  ultimate 
strength . 

It  is  stated  in  SECTION  8-3  that  the  presence  of  bending  moment 
reduced  the  torsional  moment  at  which  cracking  of  the  concrete  occurred. 
First  cracking  in  beams  tested  at  a  constant  value  of  0  occurred  under 
the  action  of  combined  bending  and  torsion.  At  low  values  of  0  the 
tensile  stresses  in  the  concrete  due  to  bending  were  appreciable  and  con¬ 
sequently  the  first  cracks  appeared  on  the  bottom  face  and  lower  part  of 
the  vertical  faces  and  were  inclined  to  the  longitudinal  axis  of  the  beam. 
At  high  values  of  0  the  first  cracks  developed  at  approximately  mid  depth 
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of  the  vertical  faces  and  were  inclined  to  the  longitudinal  axis  of  the 
beam.  An  interesting  exception  to  this  is  illustrated  by  Beams  3-2  and 
3-3.  The  cracking  torque  for  both  of  these  beams  was  approximately  45 
inch  kips.  At  this  stage  the  bending  moment  in  Beam  3-2  was  24  inch  kips 
whereas  in  Beam  3-3  it  was  111  inch  kips.  When  twisting  of  Beam  3-3  was 
commenced,  vertical  bending  cracks  were  already  present.  These  bending 
cracks  would  relieve  some  of  the  tensile  stress  in  the  uncracked  sections 
of  concrete  between  the  cracks.  As  a  result,  the  first  torsional  cracks 
did  not  appear  on  the  bottom  and  lower  part  of  the  vertical  faces  of 
Beam  3-3  but  appeared  at  approximately  mid  depth  of  the  vertical  faces 
and  were  inclined  to  the  longitudinal  axis  of  the  beam.  Consequently, 
the  sequence  of  loading  used  by  Pandit  (1965)  appears  to  be  relevant 
with  regard  to  his  finding  that  the  magnitude  of  flexure  had  no  significant 
effect  on  the  value  of  the  cracking  torque. 

8-5  Effect  of  Transverse  Shear 

The  beams  of  Groups  1  to  4  were  subjected  to  a  uniform  twisting 
moment  and  a  uniform  bending  moment  whereas  the  beams  of  Groups  5  to  7  were 
subjected  to  a  uniform  twisting  moment,  a  linearly  varying  bending  moment 
and  a  uniform  transverse  shear.  The  reinforcement  and  geometrical  details 
of  the  beams  of  Groups  1,  5  and  6  were  similar  in  all  respects.  The 
failure  surface  in  the  beams  that  were  not  subjected  to  transverse  shear 
was  located  in  different  parts  of  the  gauge  length  in  different  beams. 
However,  the  failure  surface  in  the  beams  that  were  subjected  to  trans¬ 
verse  shear  generally  formed  at  either  the  east  end  or  at  the  west  end  of 
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the  gauge  length.  For  all  beams  of  Groups  5,  6  and  7  the  bending  moment 
at  the  east  end  of  the  gauge  length  was  less  than  at  the  west  end.  Failure 
surfaces  occurring  at  the  east  end  of  the  gauge  length  were  always  of  the 
mode  3  type;  those  occurring  at  the  west  end  were  always  mode  1.  Since 
these  beams  were  subjected  to  a  linearly  varying  bending  moment,  0 
also  varied  linearly.  Equations  (5-1)  and  (5-10)  indicate  that  the 
ultimate  torsional  moment  of  a  beam  is  a  function  of  0  .  Equation  (5-1) 
indicates  that  a  mode  1  failure  will  occur  in  the  region  subjected  to 
the  lowest  values  of  0  and  Equation  (5-10)  indicates  that  a  mode  3 
failure  will  occur  in  the  region  subjected  to  the  highest  values  of  0  . 
This  is  in  agreement  with  the  observed  behavior. 

Since  0  varies  linearly  in  beams  subjected  to  a  uniform  trans¬ 
verse  shear,  the  question  arises  as  to  what  value  should  be  used  in 
Equations  (5-1)  and  (5-10).  The  minimum  values  of  torsional  moment  are 
obtained  by  using  the  minimum  value  of  0  in  Equation  (5-1)  and  the 
maximum  value  of  0  in  Equation  (5-10).  However,  since  the  failure 
surface  develops  over  a  length  of  the  beam  and  not  at  one  cross  section, 
the  use  of  these  values  is  unnecessarily  conservative.  Another  possibility 
is  to  use  the  values  of  0  at  distances  of  c^/2  and  c^/2  from  the 
cross  sections  at  which  the  minimum  and  maximum  values  of  0  occur 
respectively.  Observation  of  the  failure  surfaces  that  formed  in  these 
tests  indicated  that  this  would  sometimes  be  unconservative  since  the 
failure  surface  often  appeared  to  crowd  to  one  end  of  the  gauge  length. 
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This  was  most  noticeable  in  those  beams  subjected  to  a  high  bending  moment 
gradient  within  the  gauge  length.  Some  value  of  0  between  these  two 
limiting  cases  would  probably  conform  more  closely  with  the  actual  be¬ 
havior  of  the  beams.  Using  the  values  of  0  at  distances  of  c^/4  and 
c^/4  from  the  cross  sections  at  which  the  minimum  and  maximum  values  of 
0  occur  respectively  changes  the  average  of  the  ratio  M  /M  for  the 
beams  listed  in  TABLE  6-2  to  0.96  and  the  average  deviation  of  this  ratio 
to  0.067.  The  assumption  that  is  made  in  the  simplified  analysis  is  that 
the  values  of  0  which  should  be  used  in  the  computations  are  the  values 
occurring  at  a  distance  b  from  the  cross  sections  at  which  the  minimum 
and  maximum  values  of  0  occur.  This  is  a  compromise  which  simplifies 
the  procedure  but  decreases  its  accuracy. 

Equations  (5-1),  (5-5)  and  (5-10)  indicate  that  the  transverse 
shear  enters  into  only  a  mode  2  failure.  Because  of  the  effect  of  the 
varying  bending  moment  it  is  difficult  to  ascertain  if  this  is  entirely 
true.  Although  the  presence  of  transverse  shear  did  affect  the  initial 
development  of  the  cracks,  the  observations  and  test  results  indicate 
that  transverse  shear  within  the  range  covered  by  these  tests  does  not 
significantly  affect  the  behavior  at  failure  or  the  ultimate  torsional 
strength  of  a  beam  except  as  provided  for  by  a  mode  2  failure  surface. 

The  upper  limit  of  the  range  of  transverse  shear  covered  by  these 

tests  can  be  indicated  by  using  any  one  of  three  parameters.  The  first 

of  these  parameters  is  the  ratio  V  /V  ,  where  V  is  the  total  ultimate 
r  t  u  u 

transverse  shear  capacity  of  the  beam  when  subjected  to  only  bending  and 
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shear.  The  value  of  has  been  computed  by  the  method  outlined  in 

Chapter  17  of  the  American  Concrete  Institute  Building  Code  (1963).  The 
maximum  value  of  this  ratio  occurred  in  Beam  7-4  and  was  equal  to  0.50. 

The  second  of  these  parameters  is  6  and  is  defined  in  CHAPTER  V. 

The  maximum  value  of  6  occurred  in  Beam  6-4  and  was  equal  to  0.37. 

The  third  parameter,  ,  relates  the  transverse  shear  to  the  bending 

moment  and  is  defined  in  CHAPTER  VI.  The  maximum  value  of  ^  in  the 
beams  tested  in  this  investigation  occurred  in  Beam  6-4  at  the  east  end 
of  the  gauge  length  and  was  equal  to  0.123.  The  value  of  ^  for  this 
beam  at  the  west  end  of  the  gauge  length  was  0.029. 

8-6  Validity  of  Assumptions 

The  first  and  second  assumptions  of  SECTION  5-3  define  the 
failure  surface.  Observations  made  during  these  tests  indicate  that 
failure  occurs  on  a  warped  plane  and  that  at  failure  the  spiral  cracks 
widen  on  three  faces  of  the  beam  but  not  on  the  fourth  face.  The  cracks 
on  the  two  faces  adjacent  to  the  fourth  face  decrease  in  width  as  they 
approach  the  fourth  face.  These  cracks  do  not  always  spiral  around  the 
beam  at  a  constant  angle.  The  beams  tested  with  0  equal  to  0.25  exhibited 
cracks  on  the  vertical  faces  that  were  nearly  vertical  near  the  bottom  and 
became  more  horizontal  as  they  progressed  upward.  The  angle  that  the  cracks 
on  the  bottom  face  made  with  the  axis  of  the  beam  was  generally  close  to 
the  same  as  the  angle  made  by  the  bottom  portion  of  the  cracks  on  the 
vertical  faces.  However,  for  values  of  0  equal  to  or  greater  than  0.5 
the  cracks  on  all  faces  were  at  nearly  a  constant  angle  to  the  longitudinal 
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axis  of  the  beam. 

The  third  assumption  of  SECTION  5-3  states  that  the  concrete 
cracks  to  the  level  of  the  neutral  axis.  This  is  not  entirely  true  but 
the  moment  of  the  tensile  force  in  the  portion  of  uncracked  concrete  is 
very  small  in  comparison  to  the  ultimate  torsional  moment  of  the  beam. 

The  fourth  assumption  neglects  the  forces  in  the  reinforcement 
near  the  face  of  the  beam  on  which  the  hinge  is  located.  Comparison  of 
the  test  results  for  Beams  1-5  and  2-4  and  Beams  1-6  and  2-5  indicates 
that  neither  axial  nor  dowel  forces  in  the  top  longitudinal  reinforcement 
contributed  significantly  to  the  ultimate  torsional  strength  of  these  beams. 
Since  the  lever  arm  of  these  forces  is  small  the  moment  due  to  these  forces 
is  small  in  comparison  to  the  ultimate  torsional  moment  of  the  beam. 

The  sixth  assumption  states  that  all  reinforcement  crossing 
the  failure  plane  outside  of  the  compression  zone  yields  at  failure.  The 
strain  readings  obtained  from  gauges  mounted  on  the  longitudinal  reinforce¬ 
ment  indicate  that  the  longitudinal  bars  adjacent  to  the  face  opposite  the 
hinge  did  yield  at  failure.  The  difficulties  encountered  in  measuring  the 
strain  in  the  ties  intersecting  the  failure  plane  are  indicated  in  SECTION 
4-3(c) .  However,  the  strain  readings  obtained  from  the  ties  that  did 
intersect  the  failure  plane  and  the  crack  widths  observed  at  failure  in¬ 
dicate  that  this  assumption  is  justified  with  regard  to  the  ties  as  well 
as  the  longitudinal  reinforcement. 

The  seventh  assumption  of  SECTION  5-3  was  introduced  to  simplify 
the  equations.  It  states  that  the  cross  sectional  area  of  transverse  rein- 
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forcement  intersected  by  the  failure  plane  is  constant  per  unit  length 
of  the  beam.  The  area  of  transverse  reinforcement  is  not  constant  per 
unit  length  of  the  beam,  it  is  concentrated  at  the  locations  of  the  ties. 
This  assumption  is  accurate  for  a  tie  spacing  of  zero  and  becomes  pro¬ 
gressively  more  inaccurate  as  the  tie  spacing  is  increased.  To  allow  for 
the  fact  that  a  failure  crack  can  cross  only  a  whole  number  of  ties, 

Pandit  (1965)  suggested  that  the  number  of  ties  resisting  torsion  be 
taken  as  the  smallest  number  intersected  by  a  potential  crack  at  45°  to 
the  axis  of  the  beam.  Similarly,  Lessig  (1959)  suggested  that  an  efficiency 
factor  of  less  than  1.0  be  applied  to  the  transverse  reinforcement. 

The  beams  of  Group  4  and  Beams  1-5  and  3-4  were  used  to  determine 
the  effect  of  tie  spacing  on  the  torsional  strength  of  beams.  The  inter¬ 
action  diagrams  and  the  failure  values  of  twisting  moment  and  bending 
moment  for  these  beams  are  presented  in  FIGURE  6-3.  The  correlation 
between  the  experimental  and  theoretical  torsional  moments  is  plotted  as 
a  function  of  tie  spacing  in  FIGURE  6-4.  This  correlation  is  good  within 
the  range  of  tie  spacing  covered  by  these  tests.  The  ratio  of  tie  spacing 
to  beam  depth  varied  from  0.25  to  0.74;  the  ratio  of  tie  spacing  to  beam 
width  varied  from  0.48  to  1.44.  The  value  of  0  at  which  the  beams  were 
tested  was  0.61  for  Beams  3-4,  4-1,  4-2,  4-3  and  4-4  and  0.50  for  Beams 
1-5,  4-5  and  4-6. 

If  the  tie  spacing  of  a  beam  is  sufficiently  large  it  should 
behave  in  the  same  manner  as  a  beam  with  longitudinal  reinforcement  only. 
Gesund  and  Boston  (1964)  reported  tests  on  beams  with  longitudinal  rein- 
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forcement  only  and  stated  that  tnost  of  the  beams  failed  suddenly.  In 
contrast,  all  beams  tested  in  this  investigation  exhibited  appreciable 
ductility.  This  is  not  surprising  for  the  majority  of  the  beams  since 
the  tie  spacing  was  generally  less  than  the  beam  width.  However,  even 
Beam  4-4  which  had  a  tie  spacing  of  9"  exhibited  great  ductility.  The 
first  cracks  on  the  bottom  and  two  vertical  faces  of  this  beam  were  ob¬ 
served  after  application  of  load  increment  4.  At  this  load  stage  the  bend¬ 
ing  moment  was  44  percent  of  the  ultimate  bending  moment  and  the  torsional 
moment  was  47  percent  of  the  ultimate  torsional  moment.  The  first  cracks 
on  the  top  face  were  observed  after  application  of  load  increment  5  when 
the  bending  and  torsional  moments  were  54  percent  and  56  percent  of  their 
ultimate  values  respectively.  The  unit  angle  of  twist  after  application 
of  load  increment  9  was  1019  x  10  ^  radians  per  inch.  Failure  occurred 
during  application  of  load  increment  10.  Readings  taken  subsequent  to 
failure  indicated  that  the  beam  was  supporting  100  percent  of  the  ultimate 

bending  moment,  90  percent  of  the  ultimate  torsional  moment  and  that  the 

*6 

unit  angle  of  twist  was  1777  x  10  radians  per  inch. 

The  eighth  assumption  of  SECTION  5-3  states  that  the  characteristics 
of  the  concrete  in  the  compression  zone  are  known  and  that  the  concrete 
reaches  its  strength  in  flexural  compression.  This  assumption  is  true 
only  for  pure  bending  and  becomes  progressively  more  inaccurate  as  the 
amount  of  torsion  a  beam  is  subjected  to  is  increased.  When  a  beam  is  sub¬ 
jected  to  combined  bending  and  torsion,  the  compression  zone  shown  in 
FIGURES  5-1,  5-2  and  5-3  is  subjected  to  a  complex  state  of  stress  that 
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is  further  complicated  by  cracks  crossing  the  compression  zone.  Subjecting 
a  beam  to  transverse  shear  as  well  as  bending  and  torsion  increases  the 
complexity  of  this  problem. 

Observation  of  the  beams  at  failure  suggested  that  the  ends  of 
the  compression  zone  were  less  effective  in  resisting  compression  than 
the  central  portion.  This  can  be  illustrated  by  referring  to  FIGURE  5-1. 
The  compression  zone  shown  in  this  failure  surface  is  intersected  by 
cracks  that  cross  the  top  face  of  the  beam.  These  cracks,  in  conjunction 
with  other  cracks  that  formed  shortly  before  failure,  permitted  displace¬ 
ment  of  part  of  the  left  half  of  the  compression  zone  shown  in  FIGURE  5-1, 
The  other  segment  of  the  beam  showed  similar  displacements  in  the  other 
half  of  the  compression  zone.  If  the  ends  of  the  compression  zone  are 
less  effective  in  resisting  compression  than  the  central  portion,  the 
depth  of  the  compression  zone  should  be  computed  using  an  effective  length 
of  compression  zone  that  is  less  than  the  full  length  shown  in  FIGURES  5-1, 
5-2  and  5-3.  In  addition,  when  failure  occurred  it  often  appeared  that 
the  capacity  of  the  compression  zone  was  exhausted  by  pieces  of  concrete 
in  t he  compression  zone  breaking  away  from  the  remainder  of  the  beam. 

This  is  illustrated  by  FIGURES  4-5  and  4-10.  Consequently,  it  appears 
that  for  beams  subjected  to  combined  loading  the  parameters  0.85f^  and  k^ 
in  Equations  (5-2),  (5-6)  and  (5-11)  should  be  modified  or  replaced  by 
other  parameters. 

If  a  factor  k^  is  introduced  into  Equations  (5-2),  (5-6) 
and  (5-11)  to  reduce  the  effective  length  of  the  compression  zone  and  to 
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modify  the  parameters  0.85f^  and  ,  Equations  (8-1),  (8-2)  and  (8-3) 
are  obtained. 


X1  = 


Aslfvl(b  +  plk01Cl  /h) 

0.85  k  k.f*  Ln  2 
e  1  c  1 


(8-1) 


x. 


=  As2£v2(h  +  P2k02C2  /b)  "  V  C2 

0.85  k  k.f'  L  2 
e  1  c  2 


=  As3fy3(b  +  P3k03C3  /h) 

3  0.85  k  kJ'  L  2 

e  1  c  3 


(8-2) 


(8-3) 


To  show  the  effect  of  this  factor  on  the  theoretical  ultimate 

torsional  moment  of  a  beam,  the  interaction  diagrams  for  the  beams  of 

Groups  1  and  2  are  shown  in  FIGURE  8-1.  In  addition,  the  failure  values 

of  twisting  moment  and  bending  moment  are  shown.  The  interaction  diagrams 

for  k  =  1.0  are  the  same  as  the  ones  shown  in  FIGURE  6-1.  The  other 
e 

interaction  diagrams  in  FIGURE  8-1  are  plotted  with  the  value  of  k^  de¬ 
fined  by  Equation  (8-4). 

k  =  1.0  -  1.6  c/c  >  0.2  (8-4) 

e  m  — 


For  values  of  c/c  greater  than  0.5  this  equation  assigns  a  value  to 

m 

k  of  0.2.  For  values  of  c/c  between  zero  and  0.5  the  value  assigned 
e  m 
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(a)  GROUP  1 


(b)  GROUP  2 


FIGURE  8-  1  MODIFIED  INTERACTION  DIAGRAMS  FOR 
BEAMS  OF  GROUPS  1  AND  2 
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to  by  this  equation  varies  linearly  from  1.0  to  0.2.  The  selection 

of  the  lower  limit  of  k  as  0.2  and  the  upper  limit  of  c/c  as  0.5  is 

e  m 

completely  arbitrary.  The  linear  variation  is  assumed  in  order  to  provide 

a  simple  but  smooth  transition  in  the  range  0<c<0.5  c  .  Equation  (8-4) 

m 

greatly  oversimplifies  the  determination  of  k^  and  is  intended  only  to 
show  the  effect  of  this  factor  on  the  interaction  diagram. 

8-7  Simplified  Analysis 

A  simplified  analysis  and  a  simplified  interaction  diagram  are 
presented  in  CHAPTER  VII.  Comparison  of  the  values  of  the  ratio  M  /M 
listed  in  TABLES  6-1  to  6-7  with  the  values  listed  in  TABLES  7-1  and  7-2 
indicates  that  the  simplified  analysis  is  generally  conservative  compared 
to  the  analysis  presented  in  CHAPTER  V. 

The  analysis  presented  in  CHAPTER  VII  has  the  disadvantage  of 
requiring  numerous  computations  to  determine  the  torsional  strength  of  a 
beam.  However,  the  number  of  calculations  required  is  decreased  if  top 
reinforcement  equal  to  the  bottom  reinforcement  is  provided.  In  addition, 
the  parameters  in  the  equations  are  grouped  in  a  manner  such  that  if 
adjustments  to  the  trial  section  are  required,  a  minimum  number  of  quantities 
must  be  recalculated.  The  principal  advantage  of  this  type  of  analysis  is 
that  it  is  adaptable  to  tabulation  of  ,  M  and  for 

various  beam  cross  sections  and  reinforcement  combinations. 

This  analysis  is  applicable  only  to  rectangular,  concrete  beams 
that  are  provided  with  both  longitudinal  and  transverse  reinforcement 
adjacent  to  all  faces.  The  amount  of  reinforcement  provided  must  be  suf- 
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ficient  to  ensure  that  failure  does  not  occur  when  first  cracking  of  the 
concrete  occurs.  If  this  requirement  is  not  satisfied  the  beam  should  be 
analysed  as  a  plain  concrete  beam.  This  analysis  should  not  be  used  if 
the  magnitude  of  transverse  shear  exceeds  the  limits  discussed  in  SECTION 
8-5. 
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CHAPTER  IX 


SUMMARY.  CONCLUSIONS  AND  RECOMMENDATIONS 


9-1  Summary 

The  experimental  phase  of  this  investigation  consisted  of  testing 
34  reinforced  concrete  beams  subjected  to  various  combinations  of  load.  All 
beams  had  a  nominal  6"  x  12"  cross  section  and  a  nominal  concrete  strength 
of  5000  psi.  Various  combinations  of  reinforcement  were  provided  but 
except  for  the  beams  of  Group  4  all  beams  within  one  group  had  similar 
reinforcement.  All  beams  were  provided  with  both  longitudinal  and  trans¬ 
verse  reinforcement. 

The  34  beams  were  divided  into  7  groups.  The  beams  of  Groups 
1,  2,  3  and  4  were  subjected  to  various  combinations  of  bending  and 
torsion  and  the  beams  of  Groups  5,  6  and  7  were  subjected  to  various 
combinations  of  bending,  torsion  and  shear. 

All  beams  were  tested  to  failure  by  applying  load  in  a  series 
of  increments.  Each  increment  consisted  of  increasing  to  a  predetermined 
level  the  transverse  load  or  the  twisting  load  or  both,  depending  on  the 
type  of  test.  In  the  cases  where  both  types  of  load  were  applied  in  the 
same  increment,  the  transverse  load  was  applied  first.  All  beams  except 
those  of  Group  3  and  Beam  1-2  were  subjected  to  loads  such  that  for  any 
one  test  the  ratio  of  twisting  moment  to  bending  moment  at  the  end  of  each 
increment  was  a  constant.  The  loading  sequences  for  the  beams  of  Group  3 
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and  Beam  1-2  have  been  outlined  in  SECTION  3-4. 

Based  on  the  observations  made  in  the  experimental  phase  of 
this  investigation  three  idealized  failure  surfaces  have  been  presented, 
two  of  which  were  first  suggested  by  Lessig  (1959).  Equations  for  the 
ultimate  torsional  strength  of  a  beam  based  on  each  of  the  three  failure 
surfaces  have  been  developed  and  their  method  of  solution  has  been  pre¬ 
sented.  These  equations  have  then  been  simplified  and  an  interaction 
diagram  consisting  of  three  straight  lines  has  been  presented  along  with 
the  applicable  equations. 

The  correlation  between  the  experimental  results  of  109  beams  and 
the  results  of  both  the  analysis  presented  in  CHAPTER  V  and  the  simplified 
analysis  presented  in  CHAPTER  VII  has  been  given.  Of  these  beams,  34  are 
the  beams  tested  in  this  investigation  and  75  are  beams  that  have  been 
tested  by  other  investigators. 

9 -2  Conclusions 

The  following  conclusions  are  based  on  the  results  of  this 
investigation  and  are  limited  to  rectangular,  concrete  beams  with  both 
longitudinal  and  transverse  reinforcement. 

(1)  Reinforced  concrete  beams  that  are  subjected  to  bending,  torsion 
and  moderate  amounts  of  transverse  shear  can  fail  by  three  dif¬ 
ferent  modes.  These  modes  of  failure  are  characterized  by  the 
formation  of  a  hinge  adjacent  to  one  face  of  the  beam  and  yield¬ 
ing  of  the  reinforcement  adjacent  to  the  face  opposite  to  the 
hinge.  The  modes  of  failure  predicted  by  the  analysis  agree  with 


the  observed  modes  of  failure. 
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(2)  In  beams  subjected  to  a  constant  twisting  moment  and  a  linearly 
varying  bending  moment  a  mode  3  failure  occurs  in  the  region 
subjected  to  the  lowest  bending  moment  and  a  mode  1  failure 
occurs  in  the  region  subjected  to  the  highest  bending  moment. 

(3)  A  beam  that  is  provided  with  less  top  longitudinal  reinforcement 
than  bottom  longitudinal  reinforcement  and  is  subjected  to  a 
small  bending  moment  in  addition  to  a  torsional  moment  exhibits 
a  greater  torsional  strength  than  if  the  same  beam  is  subjected 
to  pure  torsion. 

(4)  A  beam  that  is  provided  with  less  top  longitudinal  reinforcement 
than  bottom  longitudinal  reinforcement  and  is  subjected  to 
either  pure  torsion  or  torsion  in  combination  with  a  small 
bending  moment  deflects  upwards  after  cracking  of  the  concrete 
has  occurred  and  exhibits  an  upward  deflection  at  failure. 

(5)  The  presence  of  flexure  does  not  increase  the  torsional  strength 
of  a  beam  provided  with  equal  top  and  bottom  reinforcement. 

(6)  A  small  or  moderate  amount  of  transverse  shear  does  not  affect 
the  torsional  strength  of  a  beam  except  as  provided  for  by 

a  mode  2  failure  surface. 

(7)  The  top  longitudinal  reinforcement  does  not  contribute  signi¬ 
ficantly  to  the  torsional  strength  of  a  beam  that  fails  by 
mode  1. 

(8)  The  assumption  that  at  failure  the  full  length  of  the  concrete 
compression  zone  reaches  its  flexural  strength  gives  an  upper 
bound  of  the  torsional  strength  of  a  beam. 
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(9)  Increasing  the  tie  spacing  decreases  the  torsional  strength 
of  a  beam. 

(10)  The  sequence  of  loading  does  not  significantly  affect  the 
torsional  strength  of  a  beam. 

(11)  The  behavior  of  a  beam  prior  to  cracking  of  the  concrete  is 
not  significantly  affected  by  the  reinforcement  provided. 

After  cracking  occurs,  the  behavior  depends  on  the  rein¬ 
forcement  and  on  the  ratio  of  twisting  moment  to  bending 
moment . 

(12)  In  beams  tested  at  a  constant  ratio  of  twisting  moment  to 
bending  moment  the  presence  of  bending  moment  reduces  the 
torsional  moment  at  which  cracking  of  the  concrete  occurs. 

(13)  The  limit  of  over  reinforcement  suggested  by  Lessig  for 
ratios  of  twisting  moment  to  bending  moment  greater  than 
0.2  is  conservative. 

(14)  The  lower  limit  of  the  ratio  of  transverse  to  longitudinal 
reinforcement  suggested  by  Lessig  is  conservative. 

9-3  Recommendat ions 

The  scope  of  this  investigation  is  necessarily  limited  and 
before  a  comprehensive  design  procedure  can  be  established  further  re¬ 
search  is  necessary.  In  particular,  the  following  aspects  of  the  problem 
should  be  investigated. 

(1)  Determination  of  the  effective  length  of  the  concrete  com¬ 
pression  zone  and  the  criterion  of  failure  for  the  concrete 
in  the  compression  zone  is  necessary. 
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(2)  The  amount  of  reinforcement  necessary  to  cause  failure  of  a 
beam  before  the  reinforcement  yields  must  be  determined. 

(3)  The  minimum  amount  of  reinforcement  necessary  to  prevent 
failure  from  occurring  when  first  cracking  of  the  concrete 
occurs  must  be  determined. 

(4)  The  maximum  tie  spacing  for  which  this  analysis  applies 
must  be  determined. 

(5)  The  effect  of  placing  the  longitudinal  bars  at  various  locations 
within  the  cross  section  should  be  investigated. 

(6)  Beams  with  height  to  width  ratios  of  less  than  1.0  should  be 
tested. 

(7)  The  location  of  the  critical  plane  in  beams  subjected  to  a 
torsional  moment  and  a  variable  bending  moment  must  be  more 
accurately  established. 

(8)  Beams  subjected  to  torsion,  bending  and  high  transverse  shear 
should  be  tested.  Also,  it  is  necessary  to  develop  a  method  to 
predict  the  torsional  strength  of  a  beam  subjected  to  only 
torsion  and  transverse  shear.  This  is  necessary  not  only  as 

a  limiting  case  but  to  permit  determination  of  the  torsional 
strength  of  a  beam  at  an  inflection  point. 

(9)  Beams  with  cross  sections  other  than  rectangular  or  square 
should  be  tested.  Equations  for  the  torsional  strength  of  these 
beams  could  be  developed  on  the  basis  of  the  failure  surfaces 
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APPENDIX  A 


PROPERTIES  OF  MATERIALS  AND  FABRICATION  OF  SPECIMENS 


A - 1  Materials 
(a)  Sand 

A  sieve  analysis  of  the  sand  used  is  given  in  TABLE  A-l.  The 
average  moisture  content  of  the  sand  was  found  to  be  4.5  percent. 


TABLE  A-l 

Sieve  Analysis  of  Sand 


Sieve  Size 

Weight  Retained 

7o  Retained 

Cumulative 

A.S 

.T.M. 

(gms . ) 

%  Retained 

Standard 

#4 

17 .5 

3.0 

3.0 

0 

-  5 

#8 

85.2 

14.7 

17.7 

#16 

54.6 

9.5 

27.2 

20 

-  55 

#30 

60.0 

10.3 

37.5 

#50 

208.4 

35.8 

73.3 

70 

-  90 

#100 

122.9 

21.1 

94.4 

90 

-  98 

Pan 

17.8 

3.1 

Silt 

14.4 

2.5 

Total 

580.8 

100.0 

253.1 

Fineness  Modulus  2.53 


(b)  Coarse  Aggregate 

The  coarse  aggregate  was  3/4"  maximum  size  crushed  rock.  The 
average  moisture  content  was  1.7  percent.  The  results  of  a  sieve  analysis 
are  presented  in  TABLE  A -2. 
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TABLE  A -2 

Sieve  Analysis  of  Coarse  Aggregate 

Sieve  Size  Weight  Retained  70  Retained  Cumulative 

(lbs.)  %  Retained 


3/4" 

0.30 

1.1 

1.1 

3/8" 

15.63 

58.4 

59.5 

#4 

10.03 

37.5 

97.0 

Pan 

0.80 

3.0 

100.0 

Total 

26.76 

100.0 

257.6 

(c)  Concrete 

The 

mix  design  used  for 

all 

specimens 

was : 

(1) 

Cement 

114 

lbs. 

(2) 

Sand 

294 

lbs . 

(3) 

Coarse  Aggregate 

428 

lbs. 

The  quantity  of  water  used  was  approximately  57  lbs.  but  minor  adjustments 
were  made  as  required  to  produce  a  mix  of  approximately  3"  slump.  The 
yield  of  this  mix  was  about  six  cubic  feet. 

High  early  strength  cement  supplied  in  paper  bags  was  used. 

(d)  Reinforcement 

All  reinforcement  used  in  the  specimens  was  of  the  deformed  type. 
The  reinforcement  of  one  size  was  all  from  the  same  heat  except  for  the 
ties.  These  were  received  in  two  batches  and  were  designated  as  lot 
number  1  and  lot  number  2.  All  ties  within  one  lot  were  from  the  same 
heat.  Coupon  tests  were  performed  on  three  specimens  from  each  group  in 
order  to  determine  the  yield  and  ultimate  strength  of  the  reinforcement. 


The  results  of  these  tests  are  shown  in  TABLE  A-3. 
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TABLE  A-3 

Strength  Properties  of  Reinforcement 


Group 


#3  Bars 
#4  Bars 
#5  Bars 
#6  Bar  s 
#8  Bars 

#3  Ties  Lot  #1 
#3  Ties  Lot  #2 


Average  Yield 
Stress  (k.s.i.) 

53.0 

47.0 

48.9 

46.9 
43.8 
55.0 
53.7 


Average  Ultimate 
Stress  (k.s.i.) 

79.5 

73.9 

76.1 

76.7 

81.8 

80.4 

78.4 


A -2  Fabrication  of  Specimens 

The  longitudinal  reinforcement  was  first  cut  to  the  required 
length  and  then  the  reinforcement  cages  were  fabricated  by  wiring  the  ties 
to  the  longitudinal  bars  at  each  intersection.  At  each  point  where  an 
electrical  strain  gauge  was  required,  the  reinforcement  was  ground  to  a 
smooth  finish  and  covered  with  a  piece  of  rigid  insulation  which  was 
securely  taped  to  the  bqr.  Before  concrete  was  cast,  the  forms  were 
oiled  and  the  reinforcing  cages  were  placed  and  properly  positioned  in 
them. 

The  concrete  was  mixed  in  a  nine  cubic  foot  capacity  laboratory 
concrete  mixer.  One  batch  was  sufficient  for  each  beam  along  with  its 
control  cylinders.  Before  mixing  began,  a  one  cubic  foot  butter  mix  was 
used  to  condition  the  mixer.  All  concrete  was  mixed  for  approximately 
five  minutes.  The  water  content  was  adjusted  until  a  slump  of  3"  was 
obtained.  When  the  proper  slump  was  obtained  the  concrete  was  deposited 
in  the  forms  and  vibrated  with  a  high  frequency  internal  vibrator. 
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Four  six  by  twelve  inch  concrete  cylinders  were  cast  with  each 
beam.  These  cylinders  were  compacted  by  rodding  and  were  cured  and  stored 
under  the  same  conditions  as  the  beams.  Two  cylinders  were  tested  in 
compression  and  the  other  two  were  subjected  to  the  splitting  tensile 
test.  A  beam  and  the  cylinders  corresponding  to  it  were  tested  on  the 
same  day. 

The  beams  and  cylinders  were  cured  for  three  days  by  covering 
them  with  wet  burlap  and  a  plastic  sheet.  Following  this,  the  forms  were 
stripped  and  the  specimens  were  stored  in  air  until  the  day  of  test. 

Before  the  day  of  test,  the  pieces  of  insulation  covering  the 
smooth  areas  of  the  reinforcement  were  removed  in  order  to  expose  the 
prepared  surfaces  of  the  bar.  These  surfaces  were  then  cleaned  and  SR-4 
electrical  strain  gauges  were  glued  to  them. 
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APPENDIX  B 


OBSERVED  DATA 


B -1  Test  Results 

The  test  results  for  each  beam  are  given  in  TABLES  B-l  to  B-34. 
Reinforcement  stresses  that  are  enclosed  in  parentheses  indicate  that  the 
reinforcement  had  yielded  before  the  strain  began  to  decrease.  For  com¬ 
putation  of  these  stresses  it  has  been  assumed  that  the  maximum  recorded 
strain  was  equal  to  the  maximum  strain  that  occurred. 

B-2  Deformation  Characteristics  and  Reinforcement  Stresses 

The  angle  of  twist,  deflection  and  reinforcement  stress  for 
each  beam  are  plotted  against  twisting  moment  in  FIGURES  B-l  to  B-18„ 

No  deflections  were  measured  for  Beams  3-1  or  3-4.  Upward  (negative) 
deflections  are  plotted  on  the  left  side  of  zero  and  downward  (positive) 
deflections  on  the  right  side.  Compressive  (negative)  stresses  are  plotted 
on  the  left  side  of  zero  and  tensile  (positive)  stresses  on  the  right 
side.  The  unusual  shape  of  the  plots  for  the  beams  of  Group  3  is  due 
to  the  sequence  of  loading  that  was  used.  The  sequence  of  loading  for 
the  beams  is  presented  in  CHAPTER  III. 

The  plots  of  twisting  moment  versus  deflection  and  reinforcement 
stress  have  been  selected  as  representative  of  the  results  obtained.  The 
word  east,  west  or  center  beside  a  plot  of  deflection  indicates  the  de¬ 
flection  gauge  to  which  the  plot  corresponds.  The  number  beside  a  plot 


,0'  nagad  ni.-m  aril  •>»«•*  barf  »—»**>*’  | 

b^bioaai  mmtum  aril  1*1*  b»«*  »*  »*<*  11  ”MM”  ^  *°  nol“Juq  ^ 

,oi  gnlbaol  lo  aanaupaa  sriT  .baau  asw  larii  gnlbsoi  lo  aan»Uf.ia.a>l  o  -  9 

adT  .banlaido  allo.ai  aril  3°  avlialnaaaiqai  aa  balaalaa  oaad  avari  aea«8 


B2 


of  reinforcement  stress  indicates  the  strain  gauge  to  which  the  plot 
corresponds.  The  location  of  the  deflection  gauges  and  the  numbering 
system  of  the  strain  gauges  are  presented  in  CHAPTER  III. 
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TABLE  B -1 

TEST  RESULTS  FOR  BEAM  1-1 


Load 

Stage 

T  or  que 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in6 

in.  x  10 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

1 

23 

-- 

-- 

30 

0 

-  0.5 

-  0.5 

2 

46 

-- 

65 

0 

0 

-  0.5 

3 

55 

-- 

90 

0 

0 

-  0.5 

4 

65 

243 

-  1.0 

-  1.5 

-  1.5 

5 

79 

-- 

503 

-  4.0 

-  5.0 

-  4.5 

6 

98 

-- 

-- 

813 

-  9.0 

-10.5 

-  9.0 

7 

107 

-- 

-- 

960 

-11.0 

-12.5 

-11.0 

8 

117 

-- 

-- 

1233 

-16.0 

-19.0 

-16.5 

9* 

122 

— 

— 

-- 

Load 

Stage 

1 

Reinforcement  Stresses  (ksi) 
Gauge 

2  3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

+0.1 

+0.2 

+0.3 

+0 . 3 

+0.6 

+0.3 

-0.1 

+0.2 

2 

0.3 

0.7 

1.0 

0.9 

1.7 

2.7 

-0.3 

0.5 

3 

0.9 

1.5 

1.9 

1.7 

3.0 

7.8 

-0.1 

1.0 

4 

18.8 

15.3 

8.1 

7.0 

10.8 

26.4 

+10.5 

6.0 

5 

35.8 

38.5 

15.0 

11.6 

18.7 

38.2 

15.3 

12.9 

6 

52.7 

Yield 

21.5 

17.3 

28.5 

48.6 

18.6 

24.8 

7 

Yield 

Yield 

22.8 

19.7 

32.2 

52.5 

21.0 

32.4 

8 

Yield 

Yield 

23.5 

23.8 

37.2 

Yield 

23.7 

39.0 

9* 

-- 

-- 

-- 

-- 

-- 

-- 

-- 

-- 

^Failure 
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TABLE  B-2 


TEST  RESULTS  FOR  BEAM  1-2 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in.  x  10^ 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

49 

24 

2.04 

85 

+  0.5 

+  1.0 

+  1.0 

2 

60 

27 

2.22 

183 

1.0 

0.5 

1.5 

3 

71 

30 

2.37 

363 

0.5 

0 

0 

4 

81 

32 

2.53 

535 

-  1.0 

-  1.5 

-  1.0 

5 

91 

35 

2.60 

683 

-  2.0 

-  3.5 

-  3.0 

6 

102 

38 

2.69 

838 

-  4.0 

-  5.5 

-  4.0 

7 

107 

39 

2.74 

905 

-  5.0 

-  6.0 

-  4.5 

8 

112 

40 

2.80 

990 

-  5.5 

-  7.0 

-  6.5 

9 

117 

42 

2.79 

107  3 

-  6.0 

-  8.0 

-  7.0 

10 

123 

43 

2.86 

1173 

-  7.0 

-  9.0 

-  8.0 

11 

127 

44 

2.89 

1328 

-  8.5 

-11.0 

-  9.0 

12 

133 

46 

2.90 

1435 

-11.0 

-13.0 

-10.5 

13* 

138 

47 

2.94 

-  - 

-- 

-  - 

-- 

Load 

Stage 

1 

Reinforcement  Stresses  (ksi) 
Gauge 

2  3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.1 

+0.2 

+2.5 

+2.7 

+2.7 

+4.6 

-0.7 

+0.2 

2 

+3.3 

2.9 

9.8 

7.1 

6.6 

14.1 

+2.0 

2.9 

3 

17.1 

13.3 

15.6 

13.1 

11.1 

25.1 

5.3 

13.3 

4 

29.5 

26.6 

20.7 

16.2 

14.4 

30.9 

9.0 

26.6 

5 

38.7 

34.5 

23.7 

18.6 

17.4 

36.5 

12.6 

34.5 

6 

48.7 

42.2 

26.3 

20.8 

21.2 

41.1 

16.0 

42.2 

7 

Yield 

45.2 

27.3 

21.8 

23.1 

42.9 

17.7 

45.2 

8 

Yield 

48.5 

28.6 

23.0 

25.1 

44.9 

19.5 

48.5 

9 

Yield 

51.9 

30.0 

24.3 

27.5 

47.6 

21.8 

51.9 

10 

Yield 

Yield 

31.1 

25.6 

30.0 

49.6 

24.3 

Yield 

11 

Yield 

Yield 

32.2 

27.3 

32.5 

51.2 

26.7 

Yield 

12 

Yield 

Yield 

34.0 

29.1 

35.6 

52.6 

30.0 

Yield 

13* 

Yield 

Yield 

36.2 

31.0 

38.4 

Yield 

34.6 

Yield 

*Failure 
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TABLE  B-3 


TEST  RESULTS  FOR  BEAM  1-3 


Load 

Stage 

Tor  que 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in6 

in.  x  10 

Deflection 

inches  x  10^ 
West  Center 

East 

0 

0 

0 

0 

0 

0 

0 

1 

48 

24 

2.00 

110 

1.5 

0.5 

0.5 

2 

60 

30 

2.00 

288 

1.0 

0 

0.5 

3 

71 

35 

2.03 

495 

1.0 

-  0.5 

-0.5 

4 

80 

40 

2.00 

633 

0 

-  1.5 

-1.0 

5 

91 

46 

1.98 

813 

-0.5 

-  3.0 

-2.5 

6 

102 

51 

2.00 

995 

-1.5 

-  4.0 

-4.0 

7 

113 

57 

1.98 

1200 

-2.5 

-  6.0 

-5.0 

8 

124 

62 

2.00 

1410 

-3.5 

-  7.5 

-6.0 

9 

129 

65 

1.99 

1570 

-4.5 

-10.0 

-7.5 

10 

134 

67 

2.00 

17  30 

-5.5 

-11.5 

-8.5 

11* 

140 

70 

2.00 

-- 

-- 

Load 

Stage 

1 

Reinforcement  Stresses  (ksi) 
Gauge 

2  3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

1.3 

2.6 

3.3 

0.5 

1.6 

-0.4 

5.7 

2 

14.5 

9.9 

10.4 

11.2 

4.8 

21.2 

+9.1 

21.5 

3 

23.7 

21.0 

14.7 

15.6 

8.9 

26.7 

15.8 

27.9 

4 

29.7 

27.3 

17.5 

19.2 

12.1 

30.0 

20.7 

33.0 

5 

37.5 

36.5 

20.2 

22.6 

18.0 

33.1 

27.3 

38.4 

6 

43.6 

45.2 

22.8 

25.8 

23.2 

36.9 

31.0 

42.6 

7 

50.5 

Yield 

25.5 

29.4 

29.8 

39.8 

34.1 

47.0 

8 

Yield 

Yield 

28.2 

32.6 

36.0 

43.0 

37.4 

49.9 

9 

Yield 

Yield 

29.3 

34.5 

39.4 

45.5 

38.9 

51.1 

10 

Yield 

Yield 

31.2 

36.4 

44.5 

46.3 

40.9 

51.0 

11* 

Yield 

Yield 

33.3 

38.9 

49.3 

45.3 

-- 

-- 

^Failure 
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TABLE  B-4 


TEST  RESULTS  FOR  BEAM  1-4 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in.  x  10^ 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

.. 

0 

0 

0 

0 

1 

23 

24 

0.96 

28 

X.Q 

0.5 

0 

2 

38 

38 

1.00 

50 

1.5 

1.5 

1.0 

3 

52 

51 

1.02 

100 

3.5 

3.5 

3.0 

4 

65 

65 

1.00 

195 

5.5 

6.0 

5.0 

5 

78 

78 

1.00 

315 

7.5 

7.0 

6.0 

6 

98 

98 

1.00 

553 

8.0 

7.5 

6.5 

7 

118 

119 

0.99 

813 

8.5 

8.0 

7.0 

8 

132 

132 

1.00 

1013 

8.0 

7.5 

6.5 

9 

145 

146 

0.99 

1258 

8.5 

7.0 

6.0 

10* 

159 

159 

1.00 

— 

- 

- 

Load 

Stage 

1 

2 

Reinforcement  Stresses  (ksi) 
Gauge 

3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.6 

-0.5 

+1.0 

+0.8 

+0.1 

+0.3 

-0.2 

+0.4 

2 

-2.0 

-1.6 

3.2 

3.7 

0.6 

1.1 

-0.5 

1.1 

3 

-3.3 

-2.5 

6.6 

8.7 

1.8 

3.1 

-1.0 

5.8 

4 

-3.4 

-1.9 

13.6 

16.6 

5.3 

20.1 

+1.5 

20.7 

5 

+2.7 

+3.6 

21.6 

23.8 

7.9 

26.7 

10.4 

28.2 

6 

11.1 

14.1 

30.0 

32.7 

13.5 

34.8 

15.8 

37.8 

7 

18.4 

27.0 

38.1 

40.8 

21.0 

42.9 

17.9 

45.3 

8 

24.8 

31.5 

44.0 

45.3 

25.8 

45.3 

18.9 

49.4 

9 

33.4 

37.2 

Yield 

Yield 

31.8 

47.7 

20.1 

53.4 

10* 

-- 

-- 

-- 

-- 

-- 

-- 

-- 

-- 

^Failure 
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TABLE  B-5 


TEST  RESULTS  FOR  BEAM  1-5 


Load 

Stage 

T  or  que 

in. kips 

Bending 
Moment 
in. kips 

0 

_  .  ^  Deflection 

Twist  2 

Radians  per  inches  x  10 

,rt6  West  Center  East 

in.  x  10 

0 

0 

0 

0 

0 

0 

0 

1 

13 

24 

0.54 

18 

0.5 

•  0 . 5 

0 

2 

27 

51 

0.53 

43 

2.5 

2.0 

1.5 

3 

39 

78 

0.50 

80 

5.0 

5.0 

'4.5 

4 

53 

105 

0.50 

153 

8.0 

9.5 

7.0 

5 

67 

132 

0.51 

250 

11.0 

12.5 

10.5 

6 

86 

173 

0.50 

443 

15.5 

17.0 

15.0 

7 

107 

213 

0.50 

695 

19.0 

21.0 

17.5 

8 

113 

227 

0.50 

805 

20.5 

22.5 

19.5 

9 

120 

240 

0.50 

898 

22.0 

24.0 

19.5 

10 

128 

254 

0.50 

1210 

26.0 

29.0 

24.5 

11* 

131 

267 

0.49 

-- 

-- 

-- 

-- 

12** 

111 

267 

0.42 

2325 

57.0 

62.5 

50.5 

Reinforcement  1 

Stresses 

(ksi) 

Load 

Gauge 

Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.6 

-0.4 

+0.6 

+0.9 

+0.5 

+0.3 

40.3 

+0.2 

2 

-3.1 

-2,9 

3.2 

4.5 

1.6 

1.0 

0.5 

0.8 

3 

-6.6 

-5.1 

9.1 

10.7 

3.9 

2.8 

0.4 

9.9 

4 

-8.3 

-5.7 

16.8 

18.7 

6.5 

9.5 

0.6 

17.7 

5 

-9.2 

-4.8 

23.0 

26.6 

8.4 

15.7 

1.7 

25.8 

6 

-5.4 

-0.9 

34.7 

41.4 

11H 

25.7 

10.8 

34.3 

7 

-3.8 

+3.2 

44.8 

Yield 

19.9 

32.3 

15.9 

45.9 

8 

-3.9 

3.0 

Yield 

Yield 

23.7 

34.7 

18.3 

49.5 

9 

-4.2 

3.6 

Yield 

Yield 

27.7 

36.3 

20.2 

53.6 

10 

11* 

12** 

-1.2 

5.7 

Yield 

-- 

35.9 

39.8 

26.7 

Yield 

-8.7 

-5.9 

Yield 

Yield 

37.5 

Yield 

*Failure 

**Past  peak  loads 
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TABLE  B-6 


TEST  RESULTS  FOR  BEAM  1-6 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in.  x  10^ 

Deflection 

inches  x  10 
West  Center 

2 

East 

0 

0 

0 

0 

0 

0 

0 

1 

10 

38 

0.26 

13 

1.0 

1.5 

1.0 

2 

19 

78 

0.24 

30 

3.5 

5.0 

4.0 

3 

29 

119 

0.24 

55 

7.5 

9.0 

8.0 

4 

39 

159 

0.25 

90 

11.5 

13.0 

14.0 

5 

49 

200 

0.25 

135 

15.5 

17.5 

15.5 

6 

60 

240 

0.25 

188 

19.5 

22.0 

19.0 

7 

70 

281 

0.25 

243 

23.0 

26.5 

23.0 

8 

80 

321 

0.25 

315 

27.0 

31.0 

27.0 

9* 

90 

362 

0.25 

- 

-- 

-- 

-- 

10** 

76 

362 

0.21 

- 

173.0 

207.5 

177.0 

Load 

Stage 

1 

2 

Reinforcement  Stresses  (ksi) 
Gauge 

3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-  1.6 

-  0.9 

+1.5 

+1.7 

40.4 

+0,1 

+0.4 

+0.1 

2 

-  6.6 

-  4.3 

7.8 

7.1 

0.9 

0 

0.9 

0 

3 

-11.3 

-  7.5 

15.9 

16.0 

3.2 

-0.1 

1.2 

-0.3 

4 

-15.5 

-10.1 

23.6 

24.3 

4.2 

+0.3 

1.7 

+0.1 

5 

-19.6 

-12.3 

30.3 

32.4 

5.2 

0.9 

2.0 

0.8 

6 

-24.3 

-14.4 

36.6 

40.5 

6.2 

2.5 

2.4 

1.9 

7 

-28.4 

-15.9 

42.9 

Yield 

7.4 

3.9 

2.7 

8.4 

8 

-32.9 

-17.6 

Yield 

Yield 

9.1 

8.7 

3.6 

15.6 

9* 

-37.2 

-17.8 

Yield 

Yield 

21.0 

-- 

-- 

-- 

10** 

Yield 

-44.3 

— 

-  - 

Yield 

Yield 

42.7 

46.5 

*Failure 

**Past  peak  loads 
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TABLE  B-7 


TEST  RESULTS  FOR  BEAM  2-1 


Load 

Stage 

T  or  que 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in.  x  106 

Deflection 

inches  x  10 
West  Center 

2 

East 

0 

0 

0 

0 

0 

0 

1 

20 

-- 

-- 

30 

-0.5 

0 

0 

2 

AO 

-- 

-- 

58 

0 

0 

0 

3 

60 

-- 

-- 

258 

+0.5 

0 

-1.5 

A 

80 

-- 

-- 

A63 

-0.5 

-1.5 

-1.0 

5 

100 

-- 

-- 

668 

-1.5 

-2.0 

-2.0 

6 

120 

-- 

895 

-2.0 

-3.0 

-3.0 

7 

1A0 

-- 

-- 

11A5 

-3.0 

-A.0 

-3.5 

8 

161 

-- 

-- 

1A83 

-A.0 

-A. 5 

-A.0 

9* 

181 

-- 

-- 

-- 

-  - 

-- 

10** 

162 

-- 

— 

27A8 

-5.0 

-16.5 

-5.5 

Load 

Stage 

1 

2 

Reinforcement  Stresses  (ksi) 
Gauge 

3  A  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

+0.1 

0 

0 

+0.2 

+0.1 

+0.3 

0 

-0.2 

2 

0.6 

+0.5 

+0.  A 

0.7 

1.0 

0.9 

-0.2 

+1.5 

3 

8.9 

10. A 

8.7 

6.0 

10.5 

18.5 

+10.6 

27.2 

A 

15.7 

16.8 

1A.7 

12.3 

16.6 

28. A 

16.1 

32. A 

5 

20.1 

21.3 

17. A 

18.6 

22.6 

37.6 

21.0 

AO.  A 

6 

23.6 

2A.5 

20.8 

22.8 

29.7 

A5.9 

25.6 

A6.1 

7 

27.3 

27.7 

2A.2 

26.6 

37.9 

Yield 

30.0 

51.9 

8 

32.2 

32.5 

30.0 

30.2 

A6.9 

Yield 

3A.9 

Yield 

9* 

AO. 6 

A2.0 

36.7 

37.8 

Yield 

Yield 

-- 

•m  mm 

10** 

Yield 

Yield 

Yield 

3A.A 

Yield 

-- 

Yield 

Yield 

^Failure 

**Past  peak  loads 
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TABLE  B -8 


TEST  RESULTS  FOR  BEAM  2-2 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in6 

in.  x  10 

Deflection 

inches  x  10 
West  Center 

«*  • 

2 

East 

0 

0 

0 

0 

0 

0 

0 

1 

48 

24 

2.00 

208 

1.0 

1.5 

3.5 

2 

59 

30 

1.97 

320 

2.0 

1.0 

1.5 

3 

70 

35 

2.00 

408 

2.5 

2.5 

2.0 

A 

81 

40 

2.02 

520 

2.5 

2.0 

0.5 

5 

99 

50 

1.98 

733 

3.0 

3.5 

3.0 

6 

119 

59 

2.02 

988 

3.5 

4.0 

4.0 

7 

138 

69 

2.00 

1233 

4.0 

4.0 

3.5 

8 

157 

78 

2.01 

1593 

4.0 

4.5 

4.0 

9* 

172 

88 

1.96 

-- 

- 

- 

- 

10** 

154 

88 

1.58 

2190 

7.0 

4.5 

7.0 

Reinforcement 

Stresses 

(ksi) 

Load 

Gauge 

Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

4.9 

5.6 

6.8 

10.8 

11.0 

22.3 

11.1 

17.2 

2 

9.9 

11.7 

17.7 

13.9 

14.1 

26.9 

14.6 

23.0 

3 

12.3 

13.5 

21.6 

16.0 

16.4 

31.2 

17.3 

25.5 

4 

14.7 

15.0 

25.8 

18.0 

19.6 

35.7 

20.0 

30.7 

5 

17.1 

16.4 

31.4 

23.6 

28.8 

41.3 

28.0 

43.8 

6 

21.3 

18.9 

37.5 

30.0 

35.4 

45.2 

34.4 

Yield 

7 

24.8 

21.9 

43.8 

34.6 

42.8 

50.1 

39.9 

Yield 

8 

9* 

10** 

27.8 

26.0 

Yield 

39.9 

53.0 

Yield 

43.2 

(51.7) 

33.6 

29.4 

Yield 

42.9 

Yield 

Yield 

48.3 

Yield 

^Failure 

**Past  peak  loads 
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TABLE  B-9 


TEST  RESULTS  FOR  BEAM  2-3 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

„  .  ^  Deflection 

Twist  2 

0  Radians  per  inches  x  10 

lr.6  West  Center  East 

in.  x  10 

0 

0 

0 

.. 

0 

0 

0 

0 

1 

25 

24 

1.04 

33 

0.5 

0 

0.5 

2 

38 

38 

1.00 

90 

1.5 

2.0 

2.0 

3 

51 

51 

1.00 

200 

4.0 

4.5 

4.0 

4 

64 

65 

0.98 

333 

5.0 

6.0 

5.5 

5 

78 

78 

1.00 

478 

6.5 

7.0 

6.5 

6 

97 

98 

0.99 

753 

8.0 

8.5 

7.5 

7 

118 

119 

0.99 

1055 

10.5 

11.5 

9.5 

8 

132 

132 

1.00 

1240 

11.0 

12.0 

10.5 

9 

145 

146 

0.99 

1485 

13.0 

14.0 

11.5 

10 

159 

159 

1.00 

1850 

16.5 

17.5 

14.5 

11* 

166 

166 

1.00 

-- 

-- 

-- 

-- 

12** 

149 

166 

0.90 

2703 

29.5 

27.0 

27.5 

Load 

Stage 

1 

2 

Reinforcement  Stresses  (ksi) 
Gauge 

3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.5 

-0.1 

+0.6 

+0.7 

+0.5 

+0.2 

-0.3 

0 

2 

-0.8 

+1.6 

2.9 

4.6 

6.3 

-0.9 

+1.2 

17.2 

3 

+3.9 

3.3 

12.7 

10.4 

7.8 

+1.1 

3.0 

24.9 

4 

6.0 

11.5 

18.0 

18.7 

9.9 

4.6 

5.5 

30.3 

5 

7.6 

15.0 

22.0 

23.5 

13.3 

24.0 

8.5 

32.7 

6 

9.3 

18.4 

27.9 

30.3 

20.4 

37.2 

13.5 

40.8 

7 

14.7 

21.2 

35.1 

36.0 

28.7 

46.1 

19.9 

49.5 

8 

16.2 

22.6 

39.9 

40.1 

33.1 

51.7 

23.5 

Yield 

9 

17.4 

24.1 

45.0 

44.3 

37.4 

Yield 

27.3 

Yield 

10 

20.0 

27.0 

Yield 

Yield 

46.2 

Yield 

32.4 

Yield 

12** 

13.8 

27.3 

Yield 

Yield 

Yield 

(40.0) 

47.2 

Yield 

^Failure 

**Past  peak  loads 
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TABLE  B-10 


B12 


TEST  RESULTS  FOR  BEAM  2-4 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

m  ^  Deflection 

Twist  ^ 

Radians  per  inches  x  10 

in.  x  10^  West  Center  East 

0 

0 

0 

.. 

0 

0 

0 

0 

1 

12 

24 

0.50 

15 

0 

0.5 

0.5 

2 

25 

51 

0.49 

30 

1.0 

2.5 

1.5 

3 

38 

78 

0.49 

60 

4.0 

5.0 

4.0 

4 

52 

105 

0.50 

148 

8.0 

9.0 

7.5 

5 

66 

132 

0.50 

250 

11.0 

12.5 

10.5 

6 

86 

173 

0.50 

428 

15.0 

17.5 

14.5 

7 

106 

213 

0.50 

623 

18.5 

22.0 

19.0 

8 

120 

240 

0.50 

780 

21.0 

24.5 

21.0 

9 

126 

254 

0.50 

875 

23.0 

26.0 

22.0 

10* 

1.34 

267 

0.50 

-- 

-- 

-- 

-- 

11** 

112 

267 

0.42 

2030 

55.0 

59.5 

48.5 

Reinforcement  Stresses 

(ksi)  | 

Load 

Gauge 

Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.4 

-0.2 

40.6 

40.6 

+0.2 

0 

0 

40.3 

2 

-2.1 

-1.5 

2.6 

2.7 

0.6 

0 

40.1 

0.6 

3 

-4.5 

-3.1 

7.1 

7.9 

2.0 

0 

-0.3 

6.9 

4 

-4.4 

-1.6 

14.8 

22.9 

4.3 

+8.2 

-1.0 

12.3 

5 

-3.9 

-1.2 

22.2 

32.1 

6.8 

22.5 

-0.1 

16.5 

6 

-3.4 

-1.2 

35.5 

44.2 

11.3 

29.6 

+4.9 

27.3 

7 

-5.0 

-3.0 

45.9 

Yield 

16.5 

37.9 

14.7 

36.4 

8 

-5.4 

-4.7 

Yield 

Yield 

22.0 

42.8 

19.8 

41.1 

9 

10* 

11** 

-5.7 

-5.5 

Yield 

Yield 

25.5 

45.8 

22.1 

43.1 

-10.9 

-10.7 

Yield 

Yield 

Yield 

34.0 

36.9 

49.4 

*Failure 

**Past  peak  loads 
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TABLE  B-ll 


TEST  RESULTS  FOR  BEAM  2-5 


Load 

Stage 

T  orque 

in. kips 

Bending 
Moment 
i  in. kips 

0 

^  .  Deflection 

Twist  2 

Radians  per  inches  x  10 

.  .^6  West  Center  East 

in.  x  10 

0 

0 

0 

0 

0 

0 

0 

1 

9 

38 

0.24 

8 

1.5 

1.5 

1.5 

2 

20 

78 

0.26 

33 

5.0 

6.0 

5.0 

3 

30 

119 

0.25 

58 

8.5 

10.5 

8.5 

4 

40 

159 

0.25 

105 

13.0 

14.5 

12.5 

5 

51 

200 

0.25 

158 

17.0 

19.5 

17.0 

6 

61 

240 

0.25 

208 

21.0 

23.5 

20.5 

7 

70 

281 

0.25 

275 

24.5 

27.5 

24.0 

8 

80 

321 

0.25 

335 

28.0 

32.0 

28.0 

9* 

90 

362 

0.25 

-- 

-- 

-- 

10** 

79 

362 

0.22 

1923 

99.0 

123.0 

104.5 

Load 

Stage 

1 

2 

Reinforcement  Stresses  (ksi) 
Gauge 

3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-  1.4 

-  1.0 

+  1.6 

+  1.5 

+0.4 

+0.1 

+0.1 

+0.3 

2 

-  5.0 

-  2.8 

+10.6 

+13.7 

+3.1 

0 

-0.3 

+1.7 

3 

-  8.1 

-  5.1 

19.9 

20.1 

4.8 

+1 . 6 

-1.1 

3.6 

4 

-10.5 

-  7.6 

27.8 

26.2 

6.4 

+2 . 6 

-1.8 

6 . 4 

5 

-13.2 

-10.1 

34.1 

33.1 

6.9 

3.3 

-2.2 

10.5 

6 

-15.9 

-11.9 

40.0 

39.6 

7.6 

4.0 

-2.3 

14.2 

7 

-18.6 

-13.6 

46.5 

46.1 

7.8 

5.5 

-1.8 

17.5 

8 

Q* 

-21.0 

-15.3 

Yield 

Yield 

8.3 

7.0 

-1.0 

21.0 

7* 

10** 

-29.4 

-42.8 

Yield 

_  _ 

Yield 

46.8 

+20.0 

Yield 

*Fai lur e 

**Past  peak  loads 
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TABLE  B-12 


TEST  RESULTS  FOR  BEAM  3-1 


Load 

Stage 


Tor  que 
in. kips 


Bending 
Moment 
in. kips 


0 


Twist 

Radians  per 
in.  x  106 


0 

0 

-- 

-- 

0 

1 

22 

-- 

25 

2 

45 

65 

3 

50 

-- 

75 

4 

55 

-- 

-  - 

85 

5 

59 

-- 

172 

6 

64 

-- 

258 

7 

73 

-- 

— 

593 

8 

82 

-- 

-- 

733 

9 

92 

-- 

922 

10 

102 

-- 

1140 

11 

106 

-- 

1270 

12 

111 

1440 

13* 

115 

— 

-  - 

-  - 

Reinforcement  Stresses  (ksi) 
Load  Gauge 


Stage  

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.1 

-0.1 

+0.4 

+0.1 

+0.2 

+0.3 

+0.2 

+0.1 

2 

+0.2 

+0.5 

+1.1 

+0.8 

+0.5 

+1.2 

+0.5 

+  1.2 

3 

+0.6 

+0.9 

1.7 

1.2 

0.9 

2.1 

0.6 

1.8 

4 

0,8 

1.0 

2.1 

1.5 

1.0 

2.9 

0.7 

2.3 

5 

9.2 

11,8 

8.4 

14.9 

6.0 

18.7 

8.4 

25.8 

6 

16.1 

14.7 

11.6 

18.9 

7.7 

27.2 

10.2 

31.4 

7 

30.0 

33.7 

25.8 

25.8 

11.7 

34.4 

17.0 

41.8 

8 

38.9 

42.2 

30.8 

31.1 

14.0 

39.1 

20.0 

47.8 

9 

49.7 

51.9 

37.3 

36.6 

18.2 

44.1 

22.9 

53.0 

10 

Yield 

Yield 

45.1 

41.5 

22.1 

47.7 

24.8 

Yield 

11 

Yield 

Yield 

48.8 

44.2 

24.0 

49.3 

26.1 

Yield 

12 

Yield 

Yield 

Yield 

47 . 2 

25.9 

51.2 

28.0 

Yield 

13* 

-- 

-- 

-- 

-- 

-- 

*Failure 
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TABLE  B-13 


TEST  RESULTS  FOR  BEAM  3-2 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

.  Deflection 

Twist  2 

0  Radians  per  inches  x  10 

1r.6  West  Center  East 

m.  x  10 

0 

0 

0 

0 

0 

0 

0 

1 

0 

24 

0 

0 

+0.5 

+0.5 

0 

2 

24 

24 

1.00 

25 

+1.0 

+0.5 

+0.5 

3 

45 

24 

1.87 

75 

+1.0 

+0.5 

+1.0 

4 

54 

24 

2.25 

330 

+1.0 

0 

+0.5 

5 

68 

24 

2.83 

613 

-2.0 

-2.5 

-2.5 

6 

85 

24 

3.54 

1020 

-5.5 

-8.0 

-7.0 

7 

85 

51 

1.67 

1035 

-3.5 

-4.5 

-5.0 

8 

85 

78 

1.09 

1048 

0 

-1.5 

-2.0 

9 

85 

111 

0.77 

1050 

+4.0 

+3.5 

+2.0 

10 

103 

111 

0.93 

1238 

+5.0 

+4.5 

+3.0 

11 

112 

111 

1.01 

1733 

+6.0 

+4.5 

+3.0 

12* 

117 

111 

1.05 

— 

— 

-  - 

-- 

Load 

Stage 

1 

Reinforcement  Stresses  (ksi) 
Gauge 

2  3  4  5 

6 

7 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-  0.5 

-  0.5 

+0.4 

+0.5 

0 

0 

0 

2 

-  0.3 

-  0.4 

+0.7 

+1.1 

+0.3 

+0.6 

+0.1 

3 

+  0.1 

+  0.2 

1.7 

4.5 

40.9 

+1.7 

+0.2 

4 

+17.7 

+26.8 

17.2 

29.3 

7.3 

-0.5 

+15.8 

5 

29.0 

49.5 

28.6 

37.7 

13.5 

+0.6 

21.0 

6 

50.4 

Yield 

38.7 

Yield 

22.8 

+4.9 

29.0 

7 

47.4 

(48.4) 

42.0 

Yield 

23.3 

5.1 

28.9 

8 

40.8 

(42.2) 

45.2 

Yield 

23.2 

4.8 

28.8 

9 

33.4 

(34.4) 

Yield 

Yield 

22.9 

4.3 

28.5 

10 

39.2 

(44.2) 

Yield 

Yield 

29.7 

6.9 

35.5 

11 

48.6 

Yield 

Yield 

Yield 

39.9 

10.6 

46.7 

12* 

-  - 

-- 

— 

-  - 

-- 

-- 

^Failure 
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TABLE  B-13  (continued) 


TEST  RESULTS  FCR  BEAM  3-2 


Reinforcement  Stresses  (ksi) 
Load  Gauge 


Stage 

8 

9 

10 

11 

12 

13 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

2 

+0.8 

0 

+0.3 

-0.2 

+0.3 

-0.3 

3 

+8.0 

+0.3 

+1.1 

-0.8 

40.7 

-0.3 

4 

45.4 

+4.8 

3.6 

+1.7 

1.8 

+1.3 

5 

Yield 

10.3 

6.7 

+1.2 

2.9 

+6.6 

6 

Yield 

16.4 

11.0 

2.4 

2.5 

10.8 

7 

Yield 

17.0 

10.7 

1.8 

1.5 

10.1 

8 

Yield 

17.3 

10.5 

1.5 

1.2 

10.0 

9 

Yield 

17.4 

10.4 

1.7 

1.2 

10.1 

10 

Yield 

23.4 

13.7 

2.1 

2.0 

13.4 

11 

Yield 

31.7 

19.7 

8.2 

3.3 

18.8 

12* 

-  - 

-  - 

-  - 

-  - 

-  -  - 

^Failure 
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TABLE  B-14 


TEST  RESULTS  FOR  BEAM  3-3 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in6 

in.  x  10 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

.. 

0 

0 

0 

0 

1 

0 

51 

0 

0 

+0.5 

+2.0 

+1.5 

2 

0 

72 

0 

0 

+2.5 

3.0 

2.5 

3 

0 

92 

0 

0 

5.0 

6.0 

5.5 

4 

0 

111 

0 

0 

7.0 

9.0 

8.0 

5 

22 

111 

0.20 

28 

8.5 

9.5 

8.5 

6 

43 

111 

0.39 

73 

9.5 

10.5 

10.0 

7 

52 

111 

0.47 

110 

9.0 

12.0 

10.0 

8 

56 

111 

0.50 

140 

9.5 

11.5 

10.5 

9 

61 

111 

0.55 

170 

10.0 

12.5 

10.5 

10 

70 

111 

0.63 

273 

11.0 

12.5 

11.5 

11 

79 

111 

0.71 

398 

11.5 

13.0 

11.5 

12 

88 

111 

0.79 

580 

11.0 

13.0 

10.5 

13 

97 

111 

0.87 

780 

10.5 

11.5 

9.5 

14 

106 

111 

0.95 

1023 

9.5 

10.0 

8.0 

15 

115 

111 

1.04 

1430 

-- 

-- 

-- 

16* 

120 

111 

1.08 

-  - 

— 

Load 

Stage 

1 

2 

Reinforcement  Stresses  (ksi) 
Gauge 

3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-  2.0 

-  1.7 

+2.0 

+1.9 

+0.6 

+0. 1 

+0.4 

+0.2 

2 

-  3.9 

-  3.3 

+3.9 

+4.1 

+1.6 

+0.3 

40.8 

+0.6 

3 

-  6.3 

-  5.6 

10.8 

10.5 

5.0 

1.3 

1.2 

2.3 

4 

-  8.4 

-  7.3 

16.4 

15.6 

5.7 

1.2 

1.6 

3.0 

5 

-  9.5 

-  7.5 

19.1 

20.2 

5.7 

+0 . 5 

1.9 

2.3 

6 

-10.4 

-  6.7 

22.4 

25.2 

6.4 

0 

2.0 

3.6 

7 

-10.2 

-  6.3 

24.5 

28.2 

7.5 

+1.8 

1.8 

6.7 

8 

-  8.7 

-  6.5 

25.5 

31.2 

8.4 

11.0 

2.3 

8.1 

9 

-  7.9 

-  6.1 

26.3 

33.0 

9.5 

14.1 

2.8 

9.7 

10 

-  1.2 

+  1.7 

30.2 

38.9 

12.6 

24.9 

9.3 

15.9 

11 

+  8.4 

+11.4 

34.5 

43.7 

16.1 

35.9 

16.0 

25.1 

12 

+15.6 

15.6 

39.3 

48.0 

19.4 

43.9 

18.9 

34.2 

13 

23.1 

21.0 

Yield 

Yield 

25.0 

49.8 

22.0 

42.6 

14 

30.9 

27.9 

Yield 

Yield 

29.5 

Yield 

28.4 

52.2 

15 

44.1 

38.1 

Yield 

Yield 

43.2 

Yield 

34.7 

Yield 

16* 

-- 

-- 

-- 

-- 

-  - 

-- 

-- 

-- 
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TABLE  B-15 


TEST  RESULTS  FOR  BEAM  3-4 


Load  Torque  Bending 
Stage  Moment  0 

in. kips  in. kips 


Twist 

Radians  per 
•m6 

in.  x  10 


0 

0 

0 

0 

1 

0 

24 

0 

0 

2 

22 

24 

0.92 

20 

3 

45 

24 

1.87 

53 

4 

49 

24 

2.04 

63 

5 

54 

24 

2.25 

75 

6 

59 

24 

2.46 

95 

7 

63 

24 

2.63 

150 

8 

68 

24 

2.83 

215 

9 

77 

24 

3.21 

415 

10 

86 

24 

3.58 

698 

11 

86 

40 

2.15 

723 

12 

86 

55 

1.57 

728 

13 

96 

55 

1.75 

790 

14 

106 

55 

1.93 

938 

15 

110 

55 

2.00 

1005 

16 

115 

55 

2.09 

1110 

17 

115 

65 

1.77 

1133 

18 

115 

78 

1.48 

1140 

19 

115 

92 

1.25 

1150 

20 

115 

105 

1.10 

1155 

21 

115 

119 

0.97 

1168 

22 

115 

132 

0.87 

1170 

23 

115 

153 

0.75 

24 

115 

173 

0.67 

1253 

25* 

115 

188 

0.61 

-- 

^Failure 
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TABLE  B-15  (continued) 


TEST  RESULTS  FOR  BEAM  3-4 


Reinforcement  Stresses  (ksi) 
Load  Gauge 


Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.8 

-0.8 

+0.8 

+1.0 

+0.2 

+0 . 1 

+0.2 

+0.2 

2 

-0.8 

-0.8 

+1.1 

+1.0 

+0.3 

+0.3 

0 

+0.2 

3 

-0.5 

-0.5 

1.8 

1.7 

0.6 

1.1 

-0.1 

1.5 

4 

-0.5 

-0.4 

2.1 

2.0 

0.8 

1.4 

0 

2.3 

5 

-0.4 

-0.1 

2.3 

2.6 

0.8 

1.7 

-0.1 

3.4 

6 

+0.7 

+1.7 

5.0 

18.3 

1.8 

11.1 

-1.1 

16.7 

7 

+10.0 

+3.4 

8.0 

24.4 

4.0 

26.6 

+0.1 

21.1 

8 

17.5 

11.6 

11.6 

25.9 

6 . 6 

36.3 

+1.1 

22.4 

9 

29.3 

22.6 

21.7 

32.1 

11.9 

46.4 

10.4 

30.9 

10 

41.4 

34.9 

35.6 

37.4 

17.0 

Yield 

19.8 

40.3 

11 

41.0 

34.6 

38.0 

39.2 

17.2 

(54.0) 

20.1 

40.2 

12 

38.3 

32.5 

40.2 

41.6 

17.1 

(53.6) 

20.0 

40.1 

13 

41.3 

34.9 

43.1 

44.9 

18.8 

Yield 

21.9 

43.4 

14 

48.2 

40.6 

48.1 

48.8 

21.6 

Yield 

25.2 

48.2 

15 

51.7 

43.6 

Yield 

Yield 

22.9 

Yield 

26.7 

49.4 

16 

Yield 

47.1 

Yield 

Yield 

24.6 

Yield 

28.5 

51.8 

17 

Yield 

46.9 

Yield 

Yield 

24.6 

Yield 

28.9 

51.5 

18 

(50.9) 

44.7 

Yield 

Yield 

24.5 

(54.4) 

28.9 

51.1 

19 

(48.8) 

42.4 

Yield 

Yield 

24.4 

(54.2) 

29.0 

51.1 

20 

(46.1) 

39.5 

Yield 

Yield 

24.2 

(54.1) 

29.2 

51.0 

21 

(43.4) 

36.7 

Yield 

Yield 

24.1 

(53.8) 

29.1 

50.9 

22 

(40.7) 

33.9 

Yield 

Yield 

23.9 

(53.5) 

29.3 

51.2 

23 

(36.9) 

29.1 

Yield 

Yield 

24.5 

(53.3) 

29.6 

52.7 

24 

(33.3) 

24.4 

Yield 

Yield 

25.1 

(53.2) 

31.1 

Yield 

25* 

-- 

-- 

-- 

-- 

-- 

-- 

-- 

-- 

^Failure 
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TABLE  B-16 

TEST  RESULTS  FOR  BEAM  3-5 


Load 

Stage 

Torque 

in . kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in.  x  106 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

—  — 

0 

0 

0 

0 

1 

0 

24 

0 

0 

+0.5 

0 

+0.5 

2 

21 

24 

0.88 

25 

+0.5 

0 

+0.5 

3 

43 

24 

1.79 

60 

+0.5 

0 

+0.5 

4 

55 

24 

2.29 

228 

+1.0 

+1 . 0 

+0.5 

5 

73 

24 

3.04 

680 

-2.5 

-4.5 

-3.0 

6 

73 

92 

0.79 

708 

+4.0 

+2.5 

+3.5 

7 

73 

159 

0 .46 

718 

+9.5 

+11.0 

+10.5 

8 

73 

227 

0.32 

738 

+19.5 

+21.0 

+29.0 

9* 

73 

265 

0.28 

i 

-- 

-- 

-- 

Load 

Stage 

1 

2 

Reinforcement  Stresses 
Gauge 

3  4  5  6 

7 

8 

9 

10 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.8 

-0.3 

+0.4 

+0.5 

0 

+0.2 

+0.2 

+0.2 

-0.3 

-0.3 

2 

-0.8 

-0.4 

+0.5 

+0 . 6 

0 

0.2 

0 

+0.3 

-0.2 

-0.3 

3 

-1.1 

-0.5 

1.0 

1.1 

+0.1 

1.8 

-0.3 

1.4 

-0.1 

-0.4 

4 

-- 

+4.5 

10.0 

22.3 

9.4 

21.3 

+2.5 

34.7 

+0.5 

+0.3 

5 

-- 

40.1 

26.1 

33.6 

19.1 

51.0 

13.8 

54.2 

+23.6 

43.5 

6 

-- 

29.3 

36 . 6 

43.7 

20.0 

51.7 

13.8 

53.8 

17.5 

31.7 

7 

15.0 

47.7 

Yield 

20.2 

51.5 

13.3 

53.4 

9.0 

18.0 

8 

9* 

—  “ 

2.3 

Yield 

Yield 

20.1 

51.6 

12.4 

54.1 

0.8 

5.9 

Gauge 

,  11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

+0 . 6 

+0.6 

+0.1 

+0.2 

+0 . 3 

+0.2 

-0.2 

+0.6 

+0.1 

+0.2 

2 

+0 . 6 

0.8 

0.3 

0.3 

0.3 

0.1 

-0.3 

0.6 

0 

0.3 

3 

0.9 

1.5 

0.8 

0.9 

0.4 

0.7 

r0.5 

5.7 

-0.3 

8.1 

4 

1.9 

3.7 

2.3 

2.2 

0.8 

4.3 

+2.5 

-- 

+4.2 

46.9 

5 

27.6 

31.3 

19.6 

49.0 

18.1 

54.7 

38.9 

-- 

13.8 

Yield 

6 

38.4 

41.7 

20.0 

48.3 

18.0 

53.0 

25.7 

-- 

16.8 

Yield 

7 

Yield 

Yield 

20.0 

46.8 

17.1 

51.7 

+10.5 

-- 

18.6 

Yield 

8 

Yield 

Yield 

19.6 

44.7 

16.4 

51.5 

-3.3 

-- 

19.9 

Yield 

9* 

-- 

-- 

-- 

^Failure 
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TABLE  B-17 


TEST  RESULTS  FOR  BEAM  4-1 


Load 

Stage 

T  orque 

in. kips 

Bending 
Moment 
in . kips 

Twist 

0  Radians  per 

in6 

in.  x  10 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

14 

24 

0.58 

15 

-0.5 

+0.5 

+0.5 

2 

31 

51 

0.61 

40 

+1.5 

2.0 

2.0 

3 

39 

65 

0.60 

58 

3.0 

3.0 

3.5 

4 

47 

78 

0.60 

93 

5.0 

5.5 

5.0 

5 

64 

105 

0.61 

215 

9.5 

11.0 

10.0 

6 

80 

132 

0.61 

355 

14.0 

16.5 

14.5 

7 

97 

159 

0.61 

548 

17.5 

20.0 

18.5 

8 

113 

186 

0.61 

818 

22.0 

24.5 

22.0 

9* 

120 

200 

0.60 

__ 

-- 

-- 

-- 

10** 

96 

200 

0.48 

2028 

52.0 

61.0 

109.0 

Load 

Stage 

1 

2 

Reinforcement  Stresses  (ksi) 
Gauge 

3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.5 

-0.6 

+0.5 

+0.6 

+0.1 

+0.2 

+0.1 

+0.2 

2 

-3.3 

-3.0 

+3.9 

+3.8 

+0.9 

+0.5 

+0.4 

0.6 

3 

-4.9 

-4.4 

9.0 

6.1 

1.8 

0.9 

0.6 

1.5 

4 

-6.9 

-6.1 

14.6 

11.4 

3.3 

1.5 

0.8 

5.5 

5 

-9.8 

-7.9 

26.6 

24.9 

8.1 

5.7 

1.9 

18.8 

6 

-10.2 

-5.2 

36.1 

38.0 

11.9 

9.6 

7.5 

26.3 

7 

-8.1 

-2.4 

44.9 

Yield 

17.2 

15.3 

18.3 

29.4 

8 

0 

+2 . 6 

Yield 

Yield 

23.1 

22.2 

25.6 

33.4 

9* 

— 

— 

-  - 

10** 

-5.4 

-6.2 

Yield 

Yield 

34.5 

33.6 

24.1 

24.6 

*Fai lure 

**Past  peak  loads 
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TABLE  B-18 


TEST  RESULTS  FOR  BEAM  4-2 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in . kips 

0 

Twist 

Radians  per 

in.  x  10 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

0 

1 

14 

24 

0.58 

22 

0 

+0.5 

0 

2 

31 

51 

0.61 

48 

+2.0 

2.5 

+2.0 

3 

39 

65 

0.60 

70 

3.0 

4.0 

3.0 

4 

48 

78 

0.62 

115 

5.5 

7.0 

5.5 

5 

63 

105 

0.60 

288 

11.5 

13.0 

11.0 

6 

72 

119 

0.61 

383 

12.5 

15.0 

12.5 

7 

80 

132 

0.61 

495 

14.5 

17.0 

14.5 

8 

89 

146 

0.61 

693 

16.0 

18.0 

15.0 

9 

97 

159 

0.61 

935 

18.0 

20.0 

17.0 

10* 

101 

166 

0.61 

-- 

-- 

-- 

88 

166 

0.53 

2092 

31.0 

30.0 

29.5 

Load 

Stage 

i 

2 

Reinforcement  Stresses  (ksi) 
Gauge 

3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.7 

-0.5 

+0.5 

+0.4 

-0.1 

0 

0 

0 

2 

-3.3 

-2.3 

3.5 

3.0 

+0.1 

+0.9 

+0.1 

+0 . 6 

3 

-5.0 

-3.5 

6 . 6 

5.1 

1.1 

+1.9 

+0.1 

+3.5 

4 

-6.9 

-4.7 

16.0 

9.6 

3.1 

4.2 

-0.3 

10.2 

5 

-8.5 

-3.0 

40.3 

26.1 

5.9 

7.1 

+5.0 

25.9 

6 

-6.9 

-1.1 

47.2 

31.4 

7.2 

8.4 

8.2 

33.6 

7 

-1.2 

+1.8 

Yield 

37.2 

9.4 

10.9 

10.6 

44.7 

8 

+1.7 

+6 . 6 

Yield 

Yield 

12.8 

31.9 

16.2 

51.3 

9 

+4.6 

+9.0 

Yield 

Yield 

18.0 

39.8 

22.8 

Yield 

1 

+7.8 

+28.5 

Yield 

_  _ 

+42.3 

+6.8 

Yield 

Yield 

^Failure 

**Past  peak  loads 
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TABLE  B -19 


TEST  RESULTS  FOR  BEAM  4-3 


Load 

Stage 

Torque 

in . kips 

Bending 
Moment 
in . kips 

0 

Twist 

Radians  per 

in.  x  10 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

0 

1 

14 

24 

0.58 

17 

+1 . 0 

+0.5 

+0.5 

2 

31 

51 

0.61 

45 

2.5 

2.5 

2.0 

3 

39 

65 

0.60 

77 

3.5 

4.5 

3.5 

4 

47 

78 

0.60 

155 

7.0 

8.0 

6.5 

5 

56 

92 

0.61 

245 

10.0 

11.0 

9.5 

6 

65 

105 

0.62 

388 

12.0 

11.5 

11.0 

7 

73 

119 

0.61 

559 

13.5 

15.0 

12.5 

8 

81 

132 

0.61 

775 

14.5 

16.0 

14.0 

9 

89 

146 

0.61 

1094 

16.0 

18.5 

15.0 

10* 

93 

153 

0.61 

-- 

-- 

-- 

H** 

83 

153 

0.54 

1998 

20.5 

19.5 

17.5 

Reinforcement  Stresses 

(ksi) 

Load 

Gauge 

Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.5 

-0.3 

+0 . 6 

+0.8 

+0.3 

+0.4 

+0.4 

0 

2 

-3.2 

-2.4 

2.4 

3.2 

1.1 

1.3 

+0.5 

+0.3 

3 

-4.9 

-3.3 

4.3 

9.6 

2.2 

5.0 

+0.3 

6.0 

4 

-5.5 

+0.2 

20.7 

16.7 

6.8 

14.0 

-0.3 

20.1 

5 

-7.9 

+3.0 

28.0 

25.3 

8.1 

25.4 

+0.1 

25.7 

6 

-6.8 

6.4 

35.9 

35.0 

9.9 

35.7 

+9.2 

36.0 

7 

+4.  2 

10.1 

45.1 

40.4 

11.1 

42.4 

14.1 

42.8 

8 

+12.5 

8.3 

Yield 

46.3 

13.9 

51.7 

21.0 

49.1 

9 

10* 

11** 

+19.5 

6.7 

Yield 

Yield 

21.7 

Yield 

32.0 

Yield 

+33. 1 

+4. 2 

Yield 

Yield 

51.3 

Yield 

Yield 

Yield 

*Fai lur e 

**Past  peak  loads 
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TABLE  B-20 


TEST  RESULTS  FOR  BEAM  4-4 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

rp  .  ^  Deflection 

Twist  2 

Radians  per  inches  x  10 

.,^6  West  Center  East 

in.  x  10 

0 

0 

0 

0 

0 

0 

0 

1 

15 

24 

0.62 

22 

+0.5 

+0.5 

+0.5 

2 

24 

38 

0.63 

37 

1.5 

1.0 

1.0 

3 

31 

51 

0.61 

'  47 

2.0 

2.5 

2.0 

4 

40 

65 

0.62 

80 

4.5 

4.5 

4.0 

5 

47 

78 

0.60 

158 

7.0 

8.0 

7.0 

6 

56 

92 

0.61 

307 

9.5 

11.0 

10.0 

7 

64 

105 

0.61 

487 

12.5 

14.0 

12.0 

8 

73 

119 

0.61 

713 

14.5 

16.0 

13.5 

9 

81 

132 

0.61 

1019 

16.0 

17.5 

14.0 

10* 

85 

146 

0.58 

-- 

-- 

-- 

-- 

11** 

77 

146 

0.53 

1777 

21.5 

21.5 

19.0 

Reinforcement 

Stresses 

(ksi) 

Load 

Gauge 

Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.6 

+0.7 

+0.9 

+0 . 8 

+0.3 

+0.2 

0 

0 

2 

-1.7 

-0.2 

1.9 

2.2 

40.9 

+0.5 

-0.1 

0 

3 

-3.0 

-1.4 

3.0 

4.5 

2.4 

+0.7 

-0.4 

40.1 

4 

-5.5 

-2.5 

6.3 

13.4 

4.9 

-0.8 

-0.9 

+7.5 

5 

-6.7 

-3.1 

23.1 

20.5 

8.2 

+7.6 

-1.6 

23.7 

6 

-6.0 

-0.1 

31.2 

-- 

18.3 

11.7 

-0.9 

32.7 

7 

+2.7 

+7.9 

38.7 

-- 

24.7 

18.8 

+5.5 

41.5 

8 

11.0 

15.2 

46.5 

31.2 

27.9 

9.6 

50.1 

9 

10* 

11** 

16.6 

21.7 

Yield 

40.8 

37.1 

15.3 

Yield 

+17.7 

+30.7 

Yield 

_  — 

Yield 

45.8 

29.9 

(48.5) 

^Failure 

**Past  peak  loads 
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TABLE  B -21 


TEST  RESULTS  FOR  BEAM  4-5 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in . kips 

0 

Twist 

Radians  per 
£ 

in.  x  10 

Deflection 

inches  x  10 

West  Center 

2 

East 

0 

0 

0 

0 

0 

0 

0 

1 

12 

24 

0.50 

15 

+0.5 

0 

+1.5 

2 

22 

45 

0.49 

27 

1.5 

+2.0 

2.0 

3 

32 

65 

0.49 

47 

3.5 

3.5 

4.0 

4 

41 

85 

0.48 

95 

6.0 

7.5 

7.5 

5 

52 

105 

0.50 

170 

10.0 

12.0 

11.0 

6 

62 

126 

0.49 

252 

14.0 

15.5 

14.5 

7 

72 

146 

0.49 

335 

16.5 

18.0 

16.5 

8 

83 

166 

0.50 

445 

19.0 

21.5 

19.5 

9 

93 

186 

0.50 

588 

22.0 

25.0 

21.5 

10 

100 

200 

0.50 

717 

24.5 

27.0 

24.0 

11* 

103 

212 

0.49 

-- 

-- 

-- 

12** 

82 

212 

0.39 

1923 

54.0 

68.5 

62.0 

Reinforcement 

Stresses 

(ksi) 

Load 

Gauge 

Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.4 

-0.5 

+0.7 

+0.9 

+0.3 

+0.2 

+0.2 

+0.2 

2 

-1.8 

-2.2 

2.4 

2.9 

0.9 

0.5 

+0.2 

+0.3 

3 

-3.6 

-4.2 

5.4 

6.6 

3.6 

1.5 

+0.2 

+0.5 

4 

-6.1 

-4.8 

12.9 

19.0 

6 . 6 

2.1 

0 

-0.3 

5 

-7.6 

-4.4 

21.9 

26.2 

7.9 

5.7 

-0.3 

-0.3 

6 

-8.6 

-3.4 

28.9 

35.9 

10.9 

9.3 

-0.3 

-0.2 

7 

-7.9 

-1.5 

35.9 

44.0 

13.7 

12.1 

-0.1 

+  1.2 

8 

-6.9 

-0.2 

43.3 

Yield 

17.1 

15.1 

+4.4 

3.9 

9 

-5.4 

+0.8 

Yield 

Yield 

21.4 

19.3 

10.2 

6.0 

10 

11* 

12** 

-2.6 

+2.0 

Yield 

(47.2) 

24.3 

22.2 

17.2 

6.9 

-6 . 6 

+8.0 

Yield 

Yield 

28.5 

39.1 

26.1 

6 . 6 

*Fai lur e 

**Past  peak  loads 
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TABLE  B -22 


TEST  RESULTS  FOR  BEAM  4-6 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in . kips 

0 

Twist 

Radians  per 
£ 

in.  x  10 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

0 

1 

12 

24 

0.50 

19 

+1.0 

+1.0 

+0.5 

2 

19 

38 

0.50 

30 

1.5 

2.0 

1.5 

3 

26 

51 

0.51 

45 

2.5 

3.0 

2.0 

4 

32 

65 

0.49 

65 

4.5 

5.0 

4.0 

5 

39 

78 

0.50 

128 

8.0 

8.5 

7.0 

6 

46 

92 

0.50 

202 

12.0 

13.5 

11.0 

7 

53 

105 

0.50 

347 

15.0 

18.0 

15.0 

8 

56 

112 

0.50 

405 

17.0 

20.0 

16.0 

9 

59 

119 

0.50 

453 

19.0 

21.0 

17.5 

10 

63 

126 

0.50 

567 

21.5 

24.5 

19.5 

11* 

66 

132 

0.50 

-- 

-- 

-- 

-- 

12** 

58 

132 

0.44 

2260 

57.0 

63.0 

47.0 

Load 

Stage 

1 

2 

Reinforcement  Stresses  (ksi) 
Gauge 

3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.6 

-0.4 

+0 . 4 

+0 . 6 

+0.2 

0 

+0.1 

+0.1 

2 

-1.9 

-1.3 

1.5 

1.8 

0.8 

+0.1 

+0.1 

+0.2 

3 

-3.3 

-2.3 

2.8 

4 . 6 

1.7 

0.3 

0 

+0.4 

4 

-5.2 

-3.5 

5.3 

9.6 

4.2 

1.6 

-0.2 

-0.2 

5 

-8.1 

-5.0 

26.5 

24.3 

7.8 

4.2 

-0.4 

-0.8 

6 

-9.6 

-1.2 

38.2 

33.1 

10.4 

7.3 

-0.5 

+0.2 

7 

-8.9 

+1.4 

Yield 

44.5 

13.6 

19.3 

+2.8 

+5.9 

8 

-7.2 

+3 . 4 

Yield 

Yield 

15.5 

22.4 

5.0 

8.1 

9 

-6.3 

4.5 

Yield 

Yield 

16.6 

24.7 

6.2 

9.7 

10 

+1.8 

6.5 

Yield 

Yield 

20.4 

28.9 

7.5 

12.0 

11* 

+34.0 

6.4 

-- 

__ 

39.4 

__ 

-- 

-- 

12** 

+37.0 

3.3 

(46,3) 

(43.8) 

43.5 

43.2 

31.6 

32.1 

^Failure 

**Past  peak  loads 
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TABLE  B-23 


TEST  RESULTS  FOR  BEAM  5-1 


Load 

Stage 

Torque 

in .kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians 

per 

in.xlO6 

Shear 

Force 

kips 

Deflection 

inches  x  10 
West  Center 

2 

East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

28 

15 

1.87 

51 

0 

0 

0 

0 

2 

42 

21 

2.00 

82 

(0.09 

+0.5 

0 

0 

3 

54 

27 

2.00 

169 

0.19 

+1.0 

+0.5 

0 

4 

66 

34 

1.94 

420 

0.28 

0 

-1.5 

-1.0 

5 

80 

40 

2.00 

649 

0.38 

-2.0 

-3.0 

-3.5 

6 

92 

46 

2.00 

926 

0.47 

-4.5 

-5.5 

-5.5 

7 

105 

53 

1.98 

1182 

0.57 

-6.5 

-8.0 

-8.5 

8 

117 

59 

1.98 

1528 

0 . 66 

-10.0 

-12.0 

-11.0 

9* 

128 

65 

1.97 

0.76 

-- 

-- 

10** 

103 

65 

1.59 

2602 

0.76 

-17.0 

-22.0 

-19.5 

Load 

Stage 

1 

Reinforcement  Stresses  (ksi) 
Gauge 

2  3  4  5  6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

+0.1 

+0 . 3 

+0.8 

+0 . 6 

+0.1 

0 

+0.3 

2 

-0.6 

0.6 

1.4 

3.1 

1.1 

0.4 

0 

4.2 

3 

-0.3 

2.1 

6 . 6 

10.2 

3.1 

7.0 

+4.6 

20.9 

4 

+6 . 0 

20.2 

11.7 

15.1 

7.9 

22.6 

9.2 

32.0 

5 

+16.5 

27.4 

17.4 

20.3 

14.1 

30.8 

18.3 

38.4 

6 

33.0 

39.7 

23.4 

25.2 

19.9 

36.3 

23.6 

43.7 

7 

46.0 

50.7 

27.5 

28.8 

25.0 

41.5 

28.4 

49.2 

8 

Yield 

Yield 

31.9 

33.7 

30.9 

47.3 

36.0 

53.0 

9* 

-- 

-- 

-- 

-- 

-- 

42.0 

-- 

10** 

Yield 

Yield 

33.6 

34.9 

31.8 

45.0 

36.4 

53.1 

^Failure 

**Past  peak  loads 
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TABLE  B-24 


TEST  RESULTS  FOR  BEAM  5-2 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  Shear 
pet,;.  Force 
in.xlO^  kips 

Deflection 

inches  x  10 
West  Center 

2 

East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

15 

15 

1 

.00 

18 

0 

+0.5 

0 

0 

2 

31 

32 

0 

.97 

44 

0.25 

1.0 

+0.5 

+0 

.5 

3 

48 

49 

0 

.98 

129 

0.50 

3.0 

2.5 

1 

.0 

4 

65 

66 

0 

.99 

377 

0.76 

4.0 

3.5 

2 

.5 

5 

82 

83 

0 

.99 

634 

1.01 

3.5 

3.0 

1 

.5 

6 

100 

100 

1 

.00 

895 

1.26 

3.0 

2.0 

+0 

.5 

7 

116 

117 

0 

.99 

1215 

1.51 

2.5 

1.5 

0 

8 

124 

126 

0 

.98 

1372 

1.64 

3.0 

+0.5 

-1 

.5 

9 

134 

134 

1 

.00 

1746 

1.76 

+1.0 

-1.5 

-3 

.0 

10* 

141 

143 

0 

.99 

1.89 

-- 

-- 

- 

- 

117 

143 

0 

.82 

3131 

1.89 

-3.0 

-17.5 

-8 

.0 

Load 

Stage 

1 

Reinforcement  Stresses 
Gauge 

2  3  4  5 

(ksi) 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

+0.1 

+0.2 

+0.3 

0 

-0.1 

+0.1 

2 

-1.3 

-1.0 

1.7 

2.0 

1.6 

+0.1 

-0.3 

+0.8 

3 

-3.2 

+0.2 

7.4 

11.0 

4.7 

1.3 

-0.7 

5.7 

4 

+4.9 

16.1 

18.1 

20.8 

14.8 

14.5 

+7.8 

27.6 

5 

12.9 

23.5 

24.9 

24.3 

21.0 

21.6 

13.7 

37.4 

6 

25.3 

29.1 

31.8 

28.5 

29.5 

30.9 

19.3 

45.8 

7 

35.4 

36.8 

37.8 

32.9 

37.5 

38.4 

25.2 

Yield 

8 

40.8 

42.0 

40.5 

35.2 

40.5 

40.8 

28.6 

Yield 

9 

49.0 

Yield 

45.6 

40.2 

43.2 

45.3 

36.3 

Yield 

10* 

Yield 

-- 

xi** 

52.0 

Yield 

Yield 

(44.8) 

Yield 

47.7 

Yield 

Yield 

^Failure 

**Past  peak  loads 
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TABLE  B-25 


TEST  RESULTS  FOR  BEAM  5-3 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in . kips 

0 

Twist 

Radians  Shear 
Per  Force 

in.xlO^  kips 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

15 

27 

0.56 

25 

0.19 

+0.5 

+1.0 

+0.5 

2 

29 

55 

0.53 

51 

0.60 

2.0 

2.0 

1.5 

3 

42 

83 

0.51 

102 

1.01 

4.5 

4.5 

3.5 

4 

55 

111 

0.50 

215 

1.42 

7.5 

8.0 

6.5 

5 

69 

139 

0.50 

377 

1.83 

10.0 

10.0 

8.5 

6 

83 

167 

0.50 

559 

2,23 

11.5 

12.0 

10.0 

7 

97 

194 

0.50 

787 

2.64 

14.0 

13.5 

11.0 

8 

110 

222 

0.50 

995 

3.05 

15.0 

14.0 

12.0 

9 

125 

250 

0.50 

1390 

3.46 

19.0 

17.5 

13.5 

10* 

130 

278 

0.47 

-- 

3.87 

-- 

-- 

-- 

11** 

111 

278 

0.40 

2734 

3.87 

50.5 

47.0 

40.5 

Reinforcement 

Stresses 

(ksi) 

Load 

Gauge 

Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.9 

-0.6 

+0.9 

+0,8 

+0.3 

+0.3 

-0.1 

+0.3 

2 

-3.5 

-2.3 

4.9 

3.8 

1.3 

1.0 

-0.3 

1.8 

3 

-7.4 

-3.7 

12.6 

12.0 

3.1 

3.1 

-0.6 

12.7 

4 

-9.8 

-2.7 

21.1 

19.5 

4.9 

12.5 

+1.2 

20.2 

5 

-9.6 

+1.5 

27.5 

26.8 

7.3 

19.9 

10.5 

31.3 

6 

-7.4 

+7.0 

32.7 

33.2 

9.9 

29.2 

23.7 

38.4 

7 

-6.0 

11.3 

37.8 

39.0 

16.4 

36.3 

30.1 

46.6 

8 

-3.2 

15.6 

43.8 

44.7 

23.1 

41.9 

36.3 

Yield 

9 

10* 

11** 

-0.5 

24.5 

Yield 

Yield 

32.5 

48.9 

43.0 

Yield 

-14.4 

22.0 

Yield 

Yield 

Yield 

42.2 

52.5 

Yield 

^Failure 

**Past  peak  loads 
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TABLE  B-26 


TEST  RESULTS  FOR  BEAM  5-4 


Load 

Stage 

Torque 

in . kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  Shear 
Per  Force 

in.xlOD  kips 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

10 

36 

0 

.28 

15 

0.31 

+1.0 

+1.0 

+0.5 

2 

18 

72 

0 

.25 

22 

0.85 

3.0 

2.5 

2.0 

3 

28 

109 

0 

.26 

54 

1.39 

5.5 

5.5 

4.5 

4 

36 

145 

0 

.25 

90 

1.92 

9.0 

8.5 

7.5 

5 

45 

182 

0 

.25 

128 

2.46 

13.0 

12.5 

10.0 

6 

54 

218 

0 

.25 

185 

2.99 

16.5 

16.5 

14.0 

7 

64 

254 

0 

.25 

246 

3.53 

20.0 

19.0 

17.0 

8 

72 

291 

0 

.25 

315 

4.06 

23.0 

22.5 

19.5 

9 

81 

327 

0 

.25 

403 

4.60 

26.5 

26.0 

22.5 

10 

91 

364 

0 

.25 

1815 

5.13 

77.5 

75.0 

62.5 

11* 

98 

389 

0 

.25 

5.51 

Load 

Stage 

1 

Reinforcement  Stresses 
Gauge 

2  3  4  5 

(ksi) 

6 

7 

8 

0 

0 

0 

1 

-1.3 

-0.9 

2 

-4.2 

-3.5 

3 

-7.9 

-6.3 

4 

-11.4 

-8.1 

5 

-15.1 

-9.3 

6 

-18.6 

-10.3 

7 

-22.0 

-11.1 

8 

-25.5 

-10.6 

9 

-29.3 

-10.2 

10 

-49.2 

-12.0 

11* 

-  - 

-  - 

0 

0 

0 

+1 . 3 

+1.3 

+0.2 

6.3 

4.2 

1.1 

13.5 

9.4 

3.1 

19.6 

20.9 

4.6 

25.9 

29.8 

6.0 

32.0 

37.5 

7.0 

38.4 

45.0 

7.8 

44.7 

Yield 

9.0 

Yield 

Yield 

11.7 

— 

Yield 

Yield 

0 

0 

0 

0 

+0.5 

+0.3 

+0.1 

0.7 

0.5 

+0 . 3 

0.9 

1.7 

0 

1.1 

3.3 

0 

1.1 

4.5 

+0.2 

1 . 6 

6 . 6 

1.7 

3.4 

8.9 

6.3 

5.1 

10.9 

9.1 

7.7 

13.5 

18.7 

27.5 

22.8 

*Fai lure 
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TABLE  B-27 


TEST  RESULTS  FOR  BEAM  6-1 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians 
Peir  : 
in.xlO^ 

Shear 

Force 

kips 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

29 

14 

2.07 

21 

0.30 

0 

0 

0 

2 

41 

20 

2.05 

42 

0.49 

+0.5 

0 

0 

3 

53 

27 

1.96 

149 

0.68 

+0.5 

0 

+0.5 

4 

67 

33 

2.03 

419 

0.87 

0 

-0.5 

-0.5 

5 

79 

40 

1.97 

600 

1.06 

-1.5 

-1.5 

-1.5 

6 

92 

46 

2.00 

832 

1.24 

-2.0 

-3.0 

-2.0 

7 

105 

52 

2.02 

1077 

1.43 

-3.5 

-4.0 

-3.0 

8 

118 

59 

2.00 

1397 

1.62 

-4.5 

-6.5 

-4.0 

9* 

129 

65 

1.99 

-- 

1.81 

-- 

-- 

10** 

107 

65 

1.65 

3035 

1.81 

-16,0 

-21,0 

-14.0 

Reinforcement 

Stresses 

(ksi) 

Load 

Gauge 

Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.1 

+0.1 

+0.6 

+0.6 

+0 . 6 

-0.6 

+0.1 

+0.9 

2 

-0.6 

0.3 

1.5 

1.7 

1.0 

-0.1 

0.3 

2.3 

3 

-1.0 

12.6 

4.6 

9.3 

1.6 

+2.6 

2.4 

17.2 

4 

+5.1 

33.3 

14.1 

16.5 

13.2 

30.3 

14.9 

33.9 

5 

16.9 

42.3 

17.4 

18.8 

18.4 

35.1 

16.0 

40.4 

6 

28.2 

Yield 

20.4 

22.7 

26.1 

39.4 

16.8 

43.9 

7 

36.9 

Yield 

23.6 

25.8 

32.4 

42.9 

18.0 

49.4 

8 

9* 

10** 

47.0 

Yield 

27.9 

28.2 

40.8 

45.8 

24.6 

Yield 

51.3 

31.2 

28.8 

49.0 

36 . 6 

34.5 

Yield 

^Failure 

**Past  peak  loads 
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TABLE  B -28 

TEST  RESULTS  FOR  BEAM  6-2 


Load  Torque 
Stage 

in . kips 


Bending  Twist 
Moment  0  Radians 
in. kips 

 in.  x 


per 

106 


Shear 

Force 

kips 


Deflection 

2 

inches  x  10 
West  Center  East 


0 

0 

0 

0 

0 

0 

0 

0 

1 

15 

14 

1.07 

19 

0.30 

0 

0 

0 

2 

30 

29 

1.03 

43 

0.74 

+1 . 0 

+0.5 

+0.5 

3 

51 

44 

1. 16 

128 

1.18 

2.0 

1.5 

1.0 

4 

59 

59 

1.00 

203 

1.62 

2.5 

2.0 

1.0 

5 

74 

74 

1.00 

477 

2.06 

4.5 

2.0 

40.5 

6 

89 

89 

1.00 

747 

2.50 

3.5 

1.5 

0 

7 

103 

104 

0.99 

987 

2.94 

2.5 

+1.0 

-0.5 

8 

119 

119 

1.00 

1326 

3.39 

1.5 

-0.5 

-2.0 

9 

134 

134 

1.00 

1821 

3.83 

+0.5 

-2.5 

-3.0 

10* 

145 

149 

0.97 

4.27 

11** 

133 

149 

0.89 

2837 

4.27 

-4.0 

-8.5 

-9.5 

Reinforcement  Stresses  (ksi) 
Load  Gauge 


Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

+0.1 

+0.1 

+0.1 

+0.1 

+0.2 

+0.1 

+0.2 

2 

-0.9 

-0.1 

1.1 

0.9 

0.3 

0.6 

0 

0.7 

3 

-3.0 

+0.6 

5.8 

9.3 

1.9 

3.3 

+2.7 

1.8 

4 

-2.6 

+1.9 

9.6 

18.6 

3.4 

10.2 

10.1 

0.3 

5 

+3.1 

18.4 

17.0 

25.6 

10.2 

24.9 

19.7 

20.8 

6 

8.8 

34.0 

22.8 

30.1 

18.3 

35.5 

21.9 

32.7 

7 

18.6 

44.1 

27.1 

33.7 

26.0 

42.1 

24.3 

42.4 

8 

31.1 

Yield 

33.7 

39.2 

33.9 

48.0 

27.5 

47.4 

9 

10* 

11** 

49.3 

Yield 

41.4 

43.7 

43.6 

52.6 

33.3 

49.2 

Yield 

Yield 

47.4 

43.0 

47.9 

Yield 

37.4 

47.5 

^Failure 

**Past  peak  loads 
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TABLE  B -29 


TEST  RESULTS  FOR  BEAM  6-3 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in6 

in.  x  10 

Shear 

Force 

kips 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

15 

27 

0.56 

24 

0.68 

+0.5 

0 

+0.5 

2 

27 

55 

0.49 

43 

1.50 

1.5 

+1.0 

1.0 

3 

41 

82 

0.50 

83 

2.31 

4.0 

2.5 

1.5 

4 

56 

110 

0.51 

187 

3.13 

6.0 

4.0 

2.0 

5 

69 

138 

0.50 

315 

3.95 

8.0 

5.5 

2.5 

6 

83 

166 

0.50 

498 

4.77 

11.0 

7.0 

3.0 

7 

97 

194 

0.50 

725 

5.59 

12.0 

7.5 

3.5 

8 

111 

222 

0.50 

995 

6.41 

13.5 

8.5 

3.0 

9 

125 

249 

0.50 

1459 

7.23 

15.5 

9.5 

2.0 

10* 

132 

264 

0.50 

-- 

7.67 

-- 

-- 

-- 

11** 

113 

264 

0.43 

2400 

7.67 

25.0 

18.5 

6.5 

Reinforcement  Stresses  (ksi) 
Load  Gauge 


Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.7 

-0.5 

+0.7 

+0.6 

+0.3 

0 

+0.2 

+0.1 

2 

-3.4 

-2.1 

2.1 

1.9 

0.1 

-0.3 

0 

0.3 

3 

-6.0 

-2.2 

5.9 

6.8 

0.7 

0 

+0.8 

8.1 

4 

-9.4 

+4.4 

12.3 

17.0 

4.2 

+0.7 

4.8 

33.6 

5 

-9.7 

15.4 

17.3 

22.6 

6.5 

5.4 

7.4 

46.6 

6 

-8.4 

19.2 

23.0 

29.3 

10.3 

14.1 

18.1 

51.6 

7 

-7.2 

22.8 

29.4 

34.1 

16.6 

21.4 

24.1 

Yield 

8 

-6.5 

29.3 

35.8 

40.9 

24.1 

26.6 

30.0 

Yield 

9 

+0.3 

43.2 

Yield 

Yield 

40.3 

31.5 

37.1 

Yield 

10* 

-- 

-- 

Yield 

-- 

-- 

-- 

11** 

+5.7 

46.0 

Yield 

Yield 

(51.2) 

38.1 

47.9 

(48.3) 

*Fai lur e 

**Past  peak  loads 
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TABLE  B -30 

TEST  RESULTS  FOR  BEAM  6-4 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
1n6 

in.  x  10 

Shear 

Force 

kips 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

.. 

0 

0 

0 

0 

0 

1 

8 

35 

0.23 

14 

0.93 

+0.5 

+0.5 

+0.5 

2 

18 

72 

0.25 

21 

2.00 

2.0 

1.5 

1.5 

3 

27 

108 

0.25 

51 

3.07 

4.5 

3.0 

2.0 

4 

36 

144 

0.25 

80 

4.14 

7.0 

5.5 

3.5 

5 

45 

181 

0.25 

120 

5.21 

10.5 

7.5 

5.0 

6 

54 

217 

0.25 

182 

6.28 

13.5 

9.5 

5.5 

7 

63 

254 

0.25 

248 

7.35 

16.5 

11.5 

6.0 

8 

72 

290 

0.25 

312 

8.42 

19.5 

13.5 

7.5 

9 

81 

326 

0.25 

408 

9.49 

23.0 

16.5 

8.5 

10 

90 

363 

0.25 

718 

10.56 

46.0 

33.0 

16.0 

11 

95 

380 

0.25 

1006 

11.07/ 

59.0 

42.0 

20.0 

12* 

107 

427 

0.25 

-- 

12.45 

-- 

-- 

13** *** 

89 

427 

0.21 

12.45 

157.5 

113.5 

54.0 

Reinforcement  Stresses  (ksi) 
Load  Gauge 


Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-1.6 

-0.8 

+1.0 

+0.6 

+0.4 

0 

0 

+0.1 

2 

-5.2 

-2.4 

4.1 

2.4 

1.5 

0 

0 

0.6 

3 

-10.2 

-3.8 

9.3 

7.3 

3.0 

0 

+0.1 

4.4 

4 

-15.6 

-4.7 

16.1 

14.7 

5.3 

-0.4 

-0.1 

13.0 

5 

-20.4 

-5.3 

21.9 

20.1 

6.7 

-0.6 

+0.3 

21.4 

6 

-25.6 

-3.3 

27.5 

25.8 

7.9 

-0.3 

2.0 

28.7 

7 

-29.7 

-1.8 

33.0 

31.3 

9.9 

+0.9 

6.5 

34.8 

8 

-33.6 

+0.9 

38.5 

36.9 

11.7 

2.1 

10.3 

39.6 

9 

-38.4 

+11.7 

Yield 

42.8 

14.6 

4.5 

12.1 

44.1 

10 

-52.7 

+10.8 

Yield 

Yield 

25.0 

5.2 

14.5 

51.0 

11 

12* 

13** 

Yield 

+12.3 

Yield 

Yield 

39.3 

7.4 

13.8 

Yield 

Yield 

-17.8 

_  _ 

Yield 

22.6 

53.5 

«.  _ 

*Fai lure 

**Past  peak  loads 

***Twist  exceeded  capacity  of  twistmeters 
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TABLE  B-31 

TEST  RESULTS  FOR  BEAM  7-1 


Load 

Stage 

Torque 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in.  x  10^ 

Shear 

Force 

kips 

Deflection 

inches  x  10 
West  Center 

2 

East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

28 

14 

2.00 

40 

0.30 

-0.5 

-0.5 

-0.5 

2 

36 

18 

2.00 

61 

0.43 

-0.5 

-0.5 

-0.5 

3 

44 

22 

2.00 

98 

0.55 

0 

-0.5 

-0.5 

4 

52 

26 

2.00 

203 

0.68 

0 

-0.5 

-0.5 

5 

61 

31 

1.97 

472 

0.80 

-2.0 

-1.5 

-3.5 

6 

70 

35 

2.00 

586 

0.93 

-2.0 

-2.5 

-2.5 

7 

82 

41 

2.00 

808 

1.12 

-5.0 

-5.0 

-4.5 

8 

95 

47 

2.02 

1069 

1.31 

-6.5 

-6.5 

-6.5 

9 

103 

52 

1.98 

1240 

1.43 

-6.0 

-7.5 

-6.5 

10* 

112 

56 

2.00 

1592 

1.56 

-- 

-- 

-- 

11** 

97 

56 

1.73 

2237 

1.56 

-14.0 

-16.0  - 

14.0 

Reinforcement  Stresses  (ksi) 
Load  Gauge 


Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

-0.2 

+0.3 

+0.6 

+0.4 

+0.2 

+0 . 4 

+0.9 

2 

-0.1 

-0.3 

0.9 

1.0 

0.6 

0.6 

0.6 

1.5 

3 

-0.3 

-0.5 

1.4 

2.5 

0.4 

1.1 

1.0 

3.1 

4 

+3.6 

+2.5 

3.8 

11.6 

1.4 

4.3 

11.5 

3.6 

5 

+24.9 

29.9 

11.1 

16.0 

3.8 

30.7 

12.0 

28.6 

6 

33.1 

35.8 

12.6 

18.9 

5.6 

35.9 

12.9 

35.1 

7 

46.2 

46.4 

15.0 

21.9 

10.3 

41.9 

16.7 

47.7 

8 

Yield 

Yield 

17.0 

25.0 

18.5 

49.9 

23.7 

Yield 

9 

Yield 

Yield 

18.1 

26.4 

24.3 

Yield 

28.3 

Yield 

10* 

Yield 

Yield 

19.7 

27.3 

30.9 

Yield 

34.2 

Yield 

xx** 

(50.1) 

(43.7) 

16.8 

23.2 

34.7 

(47.6) 

33.0 

Yield 

^Failure 

**Past  peak  loads 
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TABLE  B-32 

TEST  RESULTS  FOR  BEAM  7-2 


Load 

Stage 

T  or que 

in . kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in.  x  10^ 

Shear 

Force 

kips 

Deflection 

2 

inches  x  10 

West  Center  East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

13 

14 

0.93 

16 

0.30 

+0.5 

0 

0 

2 

26 

26 

1.00 

40 

0.68 

1.0 

-0.5 

+0.5 

3 

39 

39 

1.00 

61 

1.06 

1.0 

+0.5 

0 

4 

52 

52 

1.00 

131 

1.43 

2.0 

+0.5 

+1.0 

5 

65 

64 

1.02 

301 

1.81 

2.5 

+1.0 

0 

6 

77 

77 

1.00 

490 

2.19 

1.5 

0 

0 

7 

90 

90 

1.00 

683 

2.57 

+1.0 

-1.0 

-1.0 

8 

102 

102 

1.00 

955 

2.94 

0 

-2.5 

-2.0 

9* 

115 

115 

1.00 

-- 

3.32 

-- 

-- 

-- 

10** 

96 

115 

0.84 

2466 

3.32 

-7.0 

-12.5 

-17.0 

Reinforcement  Stresses  (ksi) 
Load  Gauge 


Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

+0.1 

+0.2 

+0.3 

+0.1 

+0.1 

+0.3 

2 

+2.1 

-0.2 

1.2 

0.9 

0.7 

0.2 

0.3 

0.6 

3 

-1.1 

-0.2 

2.3 

1.8 

1.2 

0.8 

0.8 

1.9 

4 

-0.3 

+0.8 

7.8 

6.1 

2.1 

9.3 

2.9 

15.0 

5 

+0.6 

24.9 

13.0 

11.1 

7.0 

26.4 

4.9 

30.3 

6 

11.2 

41.9 

16.3 

14.7 

11.7 

37.0 

12.6 

36.7 

7 

25.9 

52.7 

20.0 

16.7 

16.9 

43.8 

12.9 

42.3 

8 

36.3 

Yield 

23.5 

19.6 

28.0 

51.0 

19.1 

47.9 

9* 

43.6 

Yield 

25.1 

24.4 

-- 

-- 

-- 

-- 

10** 

46.2 

Yield 

15.3 

27.4 

48.0 

50.9 

48.7 

Yield 

^Failure 

**Past  peak  loads 
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TABLE  B-33 


TEST 

RESULTS 

FOR  BEAM  7-3 

i 

Load 

Stage 

Tor  que 

in. kips 

Bending 
Moment 
in. kips 

0 

Twist 

Radians  per 
in6 

in.  x  10 

Shear 
F  orce 
kips 

Deflection 

2 

inches  x  10 

West  Centei  East 

0 

0 

0 

0 

0 

0 

0 

0 

1 

16 

29 

0.55 

18 

0.74 

0 

+1.0 

0 

2 

29 

56 

0.52 

45 

1.56 

+1.0 

1.5 

+0.5 

3 

42 

83 

0.51 

86 

2;  38 

2.5 

2.0 

1.0 

4 

55 

111 

0.50 

173 

3.20 

4.5 

3.5 

1.5 

5 

69 

138 

0.50 

304 

4.01 

5.5 

4.0 

1.5 

6 

82 

166 

0.49 

520 

4.83 

6.5 

4.5 

1.5 

7 

97 

193 

0.50 

701 

5.65 

8.0 

4.5 

1.5 

8 

110 

220 

0.50 

933 

6.47 

8.5 

4.5 

+0.5 

9 

124 

248 

0.50 

1504 

7.29 

8.5 

2.0 

-7.5 

10* 

132 

275 

0.48 

-- 

8.11 

-- 

-- 

-- 

11** 

105 

275 

0.38 

2477 

8.11 

10.0 

2.0 

-15.5 

Reinforcement  Stresses  (ksi) 
Load  Gauge 


Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-0.7 

-0.4 

+0.6 

+0.5 

+0.1 

0 

+0.3 

+0.6 

2 

-2.4 

-1.1 

2.2 

1.5 

0.6 

+0.1 

0.6 

1.8 

3 

-4.5 

-0.6 

5.4 

7.5 

0.8 

1.8 

1.3 

4.1 

4 

-4.3 

+1.3 

10.5 

14.5 

2.1 

11.1 

10.8 

4.7 

5 

-3.6 

15.0 

14.2 

21.3 

5.1 

21.6 

16.3 

10.8 

6 

-1.6 

30.5 

18.0 

25.6 

10.1 

31.5 

19.2 

43.3 

7 

-0.6 

39.0 

21.1 

27.4 

14.4 

39.8 

23.3 

Yield 

8 

+2.3 

51.6 

24.6 

30.0 

22.4 

49.5 

29.8 

Yield 

9 

8.5 

Yield 

27.9 

34.1 

35.0 

Yield 

46.3 

Yield 

10* 

-- 

41.8 

-- 

-- 

-- 

11** 

7.5 

Yield 

30.0 

38.5 

39.4 

(45.3) 

Yield 

-- 

^Failure 

**Past  peak  loads 
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TABLE  B-34 

TEST  RESULTS  FOR  BEAM  7-4 


Load  Torque  Bending 
Stage  Moment 

in. kips  in. kips 


0 


Twist 

Radians  per 
to6 

in.  x  10 


Shear 

Force 

kips 


Deflection 

2 

inches  x  10 
West  Center  East 


0 

0 

0 

0 

0 

0 

0 

0 

1 

13 

50 

0 . 26 

19 

1.37 

+0.5 

+1.0 

+0.5 

2 

25 

100 

0.25 

40 

2.88 

3.5 

2.5 

1.5 

3 

38 

151 

0.25 

88 

4.39 

6.0 

5.0 

2.5 

4 

50 

201 

0.25 

162 

5.90 

9.0 

7.0 

4.0 

5 

62 

252 

0.25 

240 

7.41 

13.0 

10.0 

4.0 

6 

76 

303 

0.25 

360 

8.93 

15,5 

11.5 

6.5 

7 

88 

353 

0.25 

496 

10.44 

18.5 

13.5 

7.5 

8 

101 

404 

0.25 

661 

11.95 

21.5 

15.5 

8.5 

9 

114 

455 

0.25 

870 

13.46 

24.5 

17.5 

8.5 

10* 

125 

505 

0.25 

14.97 

11** 

103 

505 

0.20 

2653 

14.97 

54.0 

39.5 

19.0 

Reinforcement  Stresses  (ksi) 
Load  Gauge 


Stage 

1 

2 

3 

4 

5 

6 

7 

8 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

-2.1 

-1.2 

+1.9 

+1.5 

+0.4 

0 

+0.7 

+0.6 

2 

-5.7 

-3.0 

5.1 

3.1 

0.3 

-0.3 

1.2 

2.0 

3 

-9.9 

-3.8 

9.3 

10.1 

0.7 

-1.1 

2.1 

5.6 

4 

-13.8 

-3.1 

14.0 

18.5 

2.8 

-2.3 

4.1 

11.2 

5 

-17.1 

+3.4 

18.3 

26.5 

5.1 

-1.1 

9.1 

17.2 

6 

-20.4 

11.8 

22.7 

33.6 

8.0 

+4.0 

14.9 

24.4 

7 

-23.5 

18.6 

27.7 

39.0 

12.5 

10.6 

23.7 

Yield 

8 

-26.7 

27.4 

32.7 

Yield 

17.4 

21.0 

29.9 

Yield 

9 

-28.9 

36.0 

37.5 

Yield 

23.5 

32.3 

37.0 

Yield 

10* 

-- 

39.7 

-- 

-- 

-- 

-- 

-- 

11** 

-26.3 

20.1 

Yield 

Yield 

51.7 

33.1 

Yield 

^Failure 

**Past  peak  loads 
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APPENDIX  C 


DERIVATION  OF  EQUATIONS 
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APPENDIX  C 


DERIVATION  OF  EQUATIONS 

C-l  Mode  1  Failure  Surface 

The  assumptions  referred  to  below  are  presented  in  SECTION  5-3 
of  CHAPTER  V.  The  symbols  are  defined  in  SECTION  5-4(a)  and  FIGURE  5-1 
of  CHAPTER  V. 


Moments  are  taken  about  an  axis  parallel  to  the  neutral  axis 


and  located  a  distance  k^x^/2  from  the  top  face  of  the  beam. 


The  external  moments  are: 


Component  of  bending  moment 


Component  of  twisting  moment  =  M  c  /L 


til'  1 


Moment  due  to  transverse  shear  =  0 


The  internal  moments  are: 


Moment  due  to  force  in  longitudinal  reinforcement 


Moment  due  to  force  in  horizontal  legs  of  ties 
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Moment  due  to  force  in  vertical  legs  of  ties 
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Equating  external  and  internal  moments  gives: 
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(5-1) 


The  sum  of  the  forces  acting  perpendicular  to  a  plane  that 
contains  the  neutral  axis  and  is  perpendicular  to  the  top  face  of  the  beam 
must  equal  zero.  These  forces  are: 


Asif  xb 

Force  in  longitudinal  reinforcement  =  — - — ^ - 

Li  , 

Force  in  horizontal  legs  of  ties  =  — ^ - 


Force  in  concrete  compression  zone  =  0.85  k^x^L^f^ 
Summing  of  forces  gives 
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1  c  1 


(5-2) 


zone: 


Using  assumption  two  and  neglecting  the  depth  of  the  compression 


b 

2h  +  b 


In  order  to  solve  Equations  (5-1)  and  (5-2)  the  value  of  c^ 
must  be  determined.  The  value  of  this  parameter  that  should  be  used 
is  the  one  which  gives  the  minimum  value  of  twisting  moment.  The  value 
of  x^  ,  which  depends  on  c^  ,  has  a  relatively  small  effect  on  z^ 
and  .  Therefore,  in  the  following  operation  it  is  assumed  that  z^ 

and  y^  are  not  functions  of  x^  . 

Differentiating  Equation  (5-1)  with  respect  to  c^  ,  equating 
the  first  derivative  to  zero  and  solving  for  c^  yields: 


c 


1 


+ 


piyi 


(5-3) 


The  positive  sign  for  the  second  term  is  used  since  negative  values  of 
c^  have  no  physical  significance.  Similarly,  the  minimum  value  that  c^ 
can  have  is  zero.  The  maximum  value  that  c^  can  have  is  obtained  by 
neglecting  the  depth  of  the  compression  zone  and  using  assumption  two. 

The  resulting  equation  is: 
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(5-4) 


C-2  Mode  2  Failure  Surface 

The  assumptions  referred  to  below  are  presented  in  SECTION  5-3 
of  CHAPTER  V.  The  symbols  are  defined  in  SECTION  5-4(b)  and  FIGURE  5-2 
of  CHAPTER  V. 

Moments  are  taken  about  an  axis  parallel  to  the  neutral  axis 
and  located  a  distance  k^x^/2  from  the  vertical  face  of  the  beam  that 
is  adjacent  to  the  compression  zone. 

The  external  moments  are: 

Component  of  bending  moment  =  0 


Component  of  twisting  moment  = 


M  e 
1 2  2 


Moment  due  to  transverse  shear  =  V 
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The  internal  moments  are: 


Moment  due  to  force  in  longitudinal  reinforcement 
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Moment  due  to  force  in  horizontal  legs  of  ties 
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Equating  external  and  internal  moments  yields: 
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The  sum  of  the  forces  acting  perpendicular  to  a  plane  that 
contains  the  neutral  axis  and  is  perpendicular  to  the  vertical  face  of 
the  beam  on  which  the  compression  zone  is  located  must  equal  zero.  These 
forces  are: 


As2f  2h 

Force  in  longitudinal  reinforcement  =  — - — y — 

L2 


Force  in  vertical  legs  of  ties 
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Force  in  concrete  compression  zone  =  0.85 
Transverse  shear  force  =  V  c2^2 


Summing  of  forces  yields: 
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Using  assumption  two  and  neglecting  the  depth  of  the  com¬ 


pression  zone: 
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In  order  to  solve  Equations  (5-5)  and  (5-6)  the  value  of  c ^ 
must  be  determined.  The  value  of  this  parameter  that  should  be  used  is 
the  one  which  yields  the  minimum  value  of  twisting  moment.  The  value 
of  ,  which  depends  on  c^  ,  has  a  relatively  small  effect  on 

and  y^  .  Therefore,  in  the  following  operation  it  is  assumed  that  z^ 
and  y^  are  not  functions  of  . 

Differentiating  Equation  (5-5)  with  respect  to  ,  equating 
the  first  derivative  to  zero  and  solving  for  c^  yields: 


C2  -± 


h  Z2  b 
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The  positive  sign  is  used  since  negative  values  of  c ^  have  no  physical 
significance.  The  maximum  value  that  c^  can  have  is  obtained  by 
neglecting  the  depth  of  the  compression  zone  and  using  assumption  two. 
The  resulting  equation  is: 


c  0  =  2b  +  h 
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(5-8) 


The  non-dimensional  quantity  ^  that  was  used  in  deriving 
Equation  (5-5)  was  defined  as: 


6 


9uIbv  sriT  .  siw3  io  90lav  mumlniin  add  eblai^  -rioirfw  ano  ad} 

•  •  ■  ■-• 

{  o  oJ  abacas  ,i  >;  >i./  (  .-  ?.)  noidct/pri  gn.' 

■ 


su 


■ 

sfd  -  nil  loo  i.  .d  oa?  o  -  '■>  i  9U.f  V  ;:  :<:•••.■>  £  .  >♦  n;.o 

u  grrieu  bxiB  .  ■'  > 

.1  .:  :  jl,  i  .  :/  ••  ••  -v  ' 


,  ■  !■-.  j  ’■)  -  .  i.  r'j'  - ! :  >  c,  >  ^  -•  rj  n  ■ 

:  '  X r-  l  ■  :  *’■'  )  ;! 


C9 


This  equation  is  rearranged  to  obtain  Equation  (5-9) , 
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2Mt26 


(5-9) 


C -3  Mode  3  Failure  Surface 

The  assumptions  referred  to  below  are  presented  in  SECTION  5-3 
of  CHAPTER  V.  The  symbols  are  defined  in  SECTION  5-4(c)  and  FIGURE  5-3 
of  CHAPTER  V. 

Moments  are  taken  about  an  axis  parallel  to  the  neutral  axis 
and  located  a  distance  k^x^/2  from  the  bottom  face  of  the  beam. 

The  external  moments  are: 
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Component  of  bending  moment  =  “bStT 


Component  of  twisting  moment  -  M  - — 
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Moment  due  to  transverse  shear  =  0 


The  internal  moments  are: 
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Moment  due  to  force  in  vertical  legs  of  ties 
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Equating  external  and  internal  moments  gives: 
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The  sum  of  the  forces  acting  perpendicular  to  a  plane  that 
contains  the  neutral  axis  and  is  perpendicular  to  the  bottom  face  of 
the  beam  must  equal  zero.  These  forces  are: 


Force  in  longitudinal  reinforcement 


Force  in  horizontal  legs  of  ties  = 
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Force  in  concrete  compression  zone 
Summing  of  forces  yields: 
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zone: 


Using  assumption  two  and  neglecting  the  depth  of  the  compression 


03  2h  +  b 

Before  Equations  (5-10)  and  (5-11)  can  be  solved,  the  value 
of  Cg  must  be  determined.  The  value  of  this  parameter  that  should  be 
used  is  the  one  that  yields  the  minimum  value  of  twisting  moment.  The 
value  of  x^  ,  which  depends  on  c^  ,  has  a  relatively  small  effect  on 
Zg  and  y^  .  Therefore,  in  the  following  operation  it  is  assumed  that 
z^  and  y^  are  not  functions  of  x^  . 

Differentiating  Equation  (5-10)  with  respect  to  c^  ,  equating 
the  first  derivative  to  zero  and  solving  for  c^  yields: 
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Since  the  value  of  the  terms  within  the  brackets  is  always  greater  than 
“j-  and  since  negative  values  of  c^  have  no  physical  significance,  the 
positive  sign  is  used.  The  maximum  value  that  c^  can  have  is  obtained 
by  neglecting  the  depth  of  the  compression  zone  and  using  assumption  two. 
The  resulting  equation  is: 
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